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1. Introduction 

Let k be an algebraically closed field of characteristic 2. Let W{k) be the ring of 
Witt vectors with coefficients in k. Let a be the Frobenius automorphism of either k or 
W{k). Let (M, $) be the (contravariant) Dieudonne module of a 2-divisible group D over 
k. Thus M is a free VF(/c)-module of rank equal to the height ho oi D and $ : M — > M 
is a a-linear endomorphism such that we have 2M C $(M). Let -D* be the Cartier dual 
of D. 



1.1. Standard deformation spaces. The simplest formal deformation spaces associ- 
ated to 2-divisible groups over k are the following three: 

(a) the formal deformation space S) of D over Spf(W(fc)); 

(b) the formal deformation space D_ of (D, Ad) over Spf(VF(/c)), where \d '■ D^D^ 
is an (assumed to exist) isomorphism that is a principal quasi-polarization of D\ 

(c) the formal deformation space S}_|_ of {D, Bd) over Spf (VF(A;)), where '■ D^D^ is 
an (assumed to exist) isomorphism such that the perfect, bilinear form hu '■ ®w(/c)-^ — > 
W{k) induced naturally by ho is symmetric. 
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Both S) and S}_ are formally smooth over Spf (W{k)), cf. Grothendieck-Messing 
deformation theory (see [28, Chs. 4-5], [22, Cor. 4.8], etc.). 

In this paragraph we refer to (c). Let n := G N. It is easy to check that if 
{D,bD) has a lift to Spf(VF(/c)) (equivalently to Spec{W{k)), cf. [11, Lemma 2.4.4]), 
then Bm modulo 2W{k) is alternating. If Bm modulo 2W{k) is alternating, then the 
subgroup scheme of G'Lm/2M that fixes modulo 2W{k) is an Sp2„, group and thus 
the dimension of the tangent space of 2)+ is ZiiZLhli This dimension is greater than 
the dimension '^^'^~^') which is predicted by geometric considerations in characteristic 
0. Thus is not formally smooth over Spi{W{k)) and moreover the Grothendieck- 
Messing deformation theory does not provide a good understanding of (this is specific 
to characteristic 2!). Thus in the study of good formal subspaces of one encounters 
a major difficulty. This difficulty splits naturally in three problems (parts) that can be 
described as follows: 

(i) determine if 6m modulo 2W{k) is or is not alternating; 

(ii) if 6m modulo 2W{k) is alternating, then identify a formally closed subscheme 
D++ of 5)+ that is formally smooth over Spf{W{k)) of dimension • 

(iii) if exists, show that it has all the expected geometric interpretations. 

The formal deformation spaces 2), and V+ pertain naturally to the study of 
integral models in mixed characteristic (0, 2) of the simplest cases of unitary, symplectic, 
and hermitian orthogonal (respectively) Shimura varieties of PEL type. Shimura varieties 
of PEL type are moduli spaces of polarized abelian schemes endowed with suitable Z- 
algebras of endomorphisms and with level structures and this explains the PEL type 
terminology (see [40], [26], [25], and [29]). 

Shimura varieties of PEL type are the simplest examples of Shimura varieties of 
abelian type (see [30]). The understanding of the zeta functions of Shimura varieties 
of abelian type depends on a good theory of their integral models. Such a theory was 
obtained in [38] for cases of good reduction with respect to primes of characteristic at 
least 5. But for refined applications to zeta functions one needs also a good theory in 
mixed characteristic (0,p), with p G {2, 3}. As in future work we will present a complete 
theory of good reductions for p = 3, we report here on recent progress for p = 2. 

1.2. Previous results. Let Z(2) be the localization of Z with respect to the prime 2. 
The previous status of the existence of smooth integral models of quotients of Shimura 
varieties of PEL type in mixed characteristic (0, 2) can be summarized as follows. 

1.2.1. Mumford proved the existence of the moduli Z(2)-scheme An,i,i that parametrizes 
principally polarized abelian schemes over Z(-2)-schemes which are of relative dimension n 
and which are endowed with a level-Z symplectic similitude structure (see [33, Thms. 7.9 
and 7.10]); here n G N and / G 1 + 2N. The proof uses geometric invariant theory and 
standard deformations of abelian varieties. Artin's algebraization method can recover 
Mumford's result (see [1], [2], and [15, Ch. I, Subsection 4.11]). 
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1.2.2. Drinfeld constructed good moduli spaces of 2-divisible groups over k of dimension 

I (see [13]). See [31] and [19] for applications of them to compact, unitary Shimura 
varieties related to SU(l,n) groups over R (with n > 1): they provide proper, smooth 
integrals models of quotients of simple unitary Shimura varieties over localizations of 
rings of integers of number fields with respect to arbitrary primes of characteristic 2. 

1.2.3. Using Mumford's result, Serre-Tate deformation theory (see [28], [22], and [23]), 
and Grothendieck-Messing deformation theory, in [40] and [26] it is proved the existence 
of good integral models of quotients of unitary and symplectic Shimura varieties of PEL 
type in unramified mixed characteristic (0,2). These integral models are finite schemes 
over An,i,i, are smooth over 2(2), and are moduli spaces of principally polarized abelian 
schemes which are of relative dimension n and which are endowed with suitable Z-algebras 
of endomorphisms and with level-/ symplectic similitude structures. 

1.3. Standard PEL situations. The goal of this paper and of its subsequent Part 

II is to complete the proof started by Mumford of the existence of good integral models 
of Shimura varieties of PEL type in unramified mixed characteristic (0,2). We now 
introduce the standard PEL situations used in [40] , [26] , and [25] . 

We start with a symplectic space (W, ip) over Q and with an injective map 

of Shimura pairs (see [8], [9], [29, Ch. 1], and [38, Subsection 2.4]). Here the pair 
(GSp(VF, 'i/'), 5) defines a Siegel modular variety (see [29, Example 1.4]). We identify G 
with a reductive subgroup of GSp(VF, V') via /. Let S :— Resc/RG^nc be the unique 
two dimensional torus over R with the property that S(R) is the (multiplicative) group 
Gmc(C) of non-zero complex numbers. We recall that A" is a hermitian symmetric 
domain whose points are a G(R)-conjugacy class of monomorphisms S ^ Gr over R 
that define Hodge Q-structures on W of type {(— 1, 0), (0, — 1)} and that have either 
27rz?/' or — 27rzi/' as polarizations. Let E{G, X) be the number field that is the refiex field 
of (G, X) (see [9] and [29]). Let f be a prime of E{G^ X) of characteristic 2. Let O(^) be 
the localization of the ring of integers of E{G, X) with respect to v and let k{v) be the 

^ (2) 

residue field of v. Let Ay^ := Z (8)z Q be the ring of finite adeles. Let Ay ' be the ring 

of finite adeles with the 2-component omitted; we have A/ = Q2 X Af\ Let 0{G) be 
the set of compact, open subgroups of G'(A/) endowed with the inclusion relation. Let 
Sh(G, X) be the canonical model over i?(G, X) of the complex Shimura variety (see [8, 
Thm. 4.21 and Cor. 5.7]; see [9, Cor. 2.1.11] for the identity) 

(1) Sh(G, A')c := proj.lim.Heo(G)G(Q)\A' x G{Af)/H = G{Ql)\X x G(A/). 

Let L be a Z-lattice of W such that tj) induces a perfect form if) : L ®z L ^ Z 
i.e., the induced monomorphism L L* :— Hom(L, Z) is onto. Let L(2) •= L ®z Z(2). 
Let Gz(2) be the Zariski closure of G in the reductive group scheme GSp(L(2), V')- Let 
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Gz. := G'z(,) xz(,) Z2, K2 := GSp(L(2), V')(Z2), and ifa := G(Q2) n = G'z(,)(Z2). 
Let 

B := {6 e End(L(2))|6 fixed by Gz^.^}. 

Let Gi be the subgroup of GSp(VF, '0) that fixes all elements of B[^]. Let X be the 
involution of End(L(2)) defined by the identity ipihili),^) = ?/)(/i,X(6)(/2)), where h e 
End(L(2)) and Zi, I2 G L(2). As B = nEnd(L(2)), we haveT(B) = B. As the elements 
of X fix B(8)Z(2) involution X of S is positive. Let F be an algebraic closure of F2. 

We will assume that the following four properties (axioms) hold:-*^ 

(i) the VF(F)-algebra B ®Z(2) 1^(F) is a product of matrix Vr(F)-algebras; 

(ii) the Q-algebra B[^] is Q-simple; 

(iii) the group G is the identity component of Gi; 

(iv) the fiat, affine group scheme Gz(2) over Z(2) is reductive (i.e., it is smooth and 
its special fibre is connected and has a trivial unipotent radical). 

Assumption (iv) implies that H2 is a hyperspecial subgroup of G(Q2) = Gq2(Q2) 
(cf. [37, Subsubsection 3.8.1]) and that v is unramified over 2 (cf. [30, Cor. 4.7 (a)]). Let 
G"^^^ be the derived group of G. Assumption (ii) is not really required: it is inserted only 
to ease the presentation. Due to properties (ii) and (iii), one distinguishes the following 
three possible (and disjoint) cases (see [25, Section 7]): 

(A) the group G"^^ is a product of SL^ groups with n > 2 and, in the case n = 2, 
the center of G has dimension at least 2; 

(C) the group G^"" is a product of Sp2„ groups with n > 1 and, in the case n = 1, 
the center of G has dimension 1; 

(D) the group G^^ is a product of S02n groups with n > 2. 

We have G 7^ Gi if and only if we are in the case (D) i.e., if and only if G'^'^^ is not 
simply connected (cf. [25, Section 7]). In the case (A) (rcsp. (C) or (D)), one often says 
that Sh(G, X) is a unitary (resp. a symplectic or a hermitian orthogonal) Shimura variety 
of PEL type (cf. the description of the intersection group Gr fl Sp(VF ®q R, tl)) in [36, 
Subsections 2.6 and 2.7]). We are in the case (D) if and only if B (8)Z(2) R- is a product of 
matrix algebras over the quaternion R-algebra H (see [36, Subsection 2.1, (type III)]). 

We refer to the quadruple {f,L,v,B) as a standard PEL situation in mixed char- 
acteristic (0,2). Let Ai be the Z(2)-scheme which parameterizes isomorphism classes 
of principally polarized abelian schemes over Z(2)-schemes that are of relative di- 
mension '^""q(^) that are equipped with compatible level-/ symplectic similitude 
structures for all numbers I e 1 + 2N, cf. Subsubsection 1.2.1. We have a nat- 
ural action of GSp{W,^l>){A^p) on M.. These symplectic similitude structures and 
this action are defined naturally via (L^ip) (see [38, Subsection 4.1]). We identify 

1 One can check that the property (iv) implies the property (i). 
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Sh{G,X)c/H2 = Gz(2)(Z(2))\^ X ^(aJ.^^), cf. (1) and [30, Prop. 4.11]. From this 
identity and the analogous one for Sh(GSp(VF, -0), '5)c/-^2, we get that the natural 
morphism Sh{G,X) Sh{GSp{W,i(;), S)e(g,x) of A')-schemes (see [8, Cor. 5.4]) 
induces a closed embedding (see also [38, Rm. 3.2.14]) 

Sh{G,X)/H2 Sh{GSp{W,iP),S)EiG,x)/K2 = MEicx). 

Let J\f be the Zariski closure of Sh(G, X)/H2 in A1o(„) ■ Let M"^ be the normalization 
of A/". Let be the formally smooth locus of over 0(„). Let { A, A) be the pull back 
to M of the universal principally polarized abelian scheme over }A. 

For a morphism y : Spec(/c) — > Mwik) of VF( A;) -schemes let 

{A,Xa) :=y*{{A,A) XM^wik))- 

Let (My,$y,AMy) be the principally quasi-polarized F-crystal over k of (A, A^). Thus 
(My, $y) is a Dieudonne module over k of rank dimQ(VF) and Amj, is a perfect, alternating 
form on My. Let M* := Hom(My, W{k)). We denote also by Am^ the perfect, alternating 
form on M* induced naturally by Xuy- We have a natural action of B®•z.^■2) W{k) on M* 
(see beginning of Section 4) . 

It is well known that in the cases (A) and (C) we have M = Af^ = N"^, cf. [40] and 
[26]. Accordingly, in the whole paper we will assume that we are in the case (D). In this 
paper we will study triples of the form {My, XiWy) and the following sequence 

of morpliisms between 0(„)-schemes. The main goal of this Part I is to prove the following 
Main Theorem. 

1.4. Main Theorem. Suppose that is a split GS02n group scheme with n > 2 
(thus we have k{y) = F2, cf. [30, Prop. 4-6 and Cor. ^.1 (b)]). Then the following three 
properties hold: 

(a) there exist isomorphisms L(2) ®Z(2) VF(/c)-^M* of B ®Z(2) W{k)-modules that 
induce symplectic isomorphisms (i^(2) ®Z(2) W{k),'i/j)-^{My, XMy); 

(b) the reduced scheme N'k{v)\:eA of Mk{v) is regular and formally smooth overk{v); 

(c) we have Af^ — A/"" i.e., the 0(^y)-scheme Af^ is regular and formally smooth. 

f 2') 

The locally compact, totally disconnected topological group G{Ay>) acts on AT" 
continuously in the sense of [9, Subsubsection 2.7.1]. Thus A/"" is an integral canonical 
model of Sh(G, X)/ H2 over O(^) in the sense of [38, Def. 3.2.3 6)], cf. [38, Example 3.2.9 
and Cor. 3.4.4]. Due to [39, Thm. 1.3], as in [38, Rms. 3.2.4 and 3.2.7 4')] we get that 
A/"" is the unique integral canonical model of Sh(G, X)/ H2 over 0(„) and thus that M"- is 
the final object of the category of smooth integral models of Sh(G, X)/ H2 over 0(„) (here 
the word smooth is used as in [29, Def. 2.2]). 
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Part (b) is a tool toward the proof of (c) and toward the future checking that J\f^ 
is jV. If A is an ordinary abehan variety, then a result of Noot implies that A/"^,-^) is 
regular and formally smooth over W{k) at all points through which y factors (see [34, 
Cor. 3.8]). 

We emphasize that no particular case of the Main Theorem was known before. The 
next Example describes the simplest cases covered by the Main Theorem. 

1.4.1. Example. We assume that B ®Z(2) Ft = H, that B (8)Z(2) ^2 = M2(Z2), and that 
we have dimQ(VF) = 4n for some n > 2. Thus B[^] is a definite quaternion algebra over 
Q that splits at 2 and that has a maximal order B which is a semisimple Z (2) -algebra; 
moreover we have a -module W of rank An such that the non-degenerate alternating 
form iponW defines a positive involution of As B (8)Z(2) R. = H, we are in the case 
(D) and the group Gf?^ is an S02n group. It is well known that Gq^ is a form of the 
split GS02n group over Q2. Thus if Gz2 is a reductive group scheme, then it is either 
a split or a non-split GS02n group scheme. The Main Theorem applies only if Gz2 is a 
split GS02n group scheme. 

If is a split GS02n group, then it is easy to see that there exists a Z2-lattice L2 
of W <SiQ Q2 such that ip induces a perfect, alternating form ip : L2 (8)Z2 L2 Z2 and the 
Zariski closure of Gq^ in the reductive group scheme GSp(L2, ip) is a split GS02n (and 
therefore also a split reductive) group scheme. We can choose the Z-lattice L of W such 
that we have L2 = L (g)z Z2 = L(2) ®Z(2) Z2. For such a choice of L, the group scheme 
Gz(2) is reductive and Gz2 is a split GS02n group scheme; therefore the Main Theorem 
applies. 

1.4.2. On the new ideas and contents. The deformation theories of Subsubsection 
1.2.3 do not suffice to show that A/'^^^-j is formally smooth over W{k) at points above 
y e J^w{k){k) (see Subsection 1.1 and Subsubsection 4.1.1). This explains why the proof 
of the Main Theorem uses also some of the techniques of [14] and [38], the mentioned 
result of Noot, and the following three new ideas: 

(i) We get versions of the group theoretical results [25, Lemma 7.2 and Cor. 7.3] 
that pertain to the case (D) in mixed characteristic (0,2) (see Subsections 3.1, 3.3, 3.4, 
and 5.2). 

(ii) We use the crystalline Dieudonne theory of [4] and [5] in order to prove Theorem 
5.1 that surpasses (in the geometric context of the Main Theorem) the problem (i) of 
Subsection 1.1 and that (together with the idea (i)) is the very essence of the proof of 
Theorem 1.4 (a). 

(iii) We use a modulo 2 version of Faltings deformation theory [14, Section 7] as 
a key ingredient in the proofs of Theorem 1.4 (b) (see Subsections 6.3 to 6.7) and of 
the fact that the ordinary locus of Afk(v) is Zariski dense in J\fk{v) (see Proposition 7.3). 
Subsections 6.3 to 6.7 surpass (in the geometric context of the Main Theorem) the modulo 
2 version of the problems (ii) and (iii) of Subsection 1.1. 

Ideas (i) and (ii) are specific to the PEL context of Subsection 1.3. But the idea (iii) 
can be easily adapted to all characteristics and to all Shimura varieties of Hodge type. 
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In Sections 2 and 3 we present tools from the crystalline theory and from the theories 
of group schemes and of involutions of matrix algebras over commutative Z-algebras 
(respectively). In Sections 5 to 7 we prove Theorem 1.4 (a), (b), and (c) (respectively). 
In Section 4 we list crystalline notations and elementary properties that are needed in 
Sections 5 to 7. 

1.5. On Part II. The hypothesis of Main Theorem that Gza is a split GS02n group 
scheme is inserted to ease notations and to be able to apply the mentioned result of Noot. 
Part II of this paper will prove the Main Theorem without this hypothesis. The proofs 
of Theorem 1.4 (a) and (b) can be easily adapted to the general case. The main idea of 
Part II will be to use relative PEL situations (similar but different from the ones of [38, 
Subsubsection 4.3.16 and Section 6]) to get that for proving the identity N"^ = jV" we 
can assume that is a split GS02n group scheme. 

2. Crystalline preliminaries 

Let B{k) be the field of fractions of W{k). We denote also by a the Frobenius 
automorphism of B{k). If Z is a VF(/c) -scheme annihilated by some power of 2, we use 
Berthelot's crystaUine site CRIS{Z/S-pec{W{k))) of [3, Ch. Ill, Section 4]. See [4] and 
[5] for the crystalline Dieudonne functor D. If £ (resp. E) is a 2-divisible group (resp. a 
finite, flat group scheme annihilated by 2) over some VF(/c)-scheme, let (resp. E^) be 
its Cartier dual. For an affine morphism Spec(/S'i) — > Spec(S') and for Z (or Zs or Z^) an 
S'-scheme, let Zs-^ (or Zs^ or g J be Z x g S'l . A bilinear form Am on a free S'-module 
M of finite rank is called perfect if it induces an iS-linear isomorphism M-^Hom(M, S); if 
Am is alternating, (M, Am) is called a symplectic space over S. Let /Lt2s be the 2-torsion 
subgroup scheme of the rank 1 split torus Gms over S. Let Gm{S) be the group of 
invertible elements of S. If S is an F2-algebra, let be the Frobenius endomorphism 
of either 5" or Spec(;5) (thus $fc = (x), let M^^) := M 0s ^s^, let Z^^) ■= Z Xs^s^, and 
let a2s be the finite, fiat, group scheme over S of global functions of square 0. 

2.1. Ramified data. Let V be a discrete valuation ring that is a finite extension of 

W{k). Let K be the field of fractions of V. Let e := [V : W{k)]. Let R := W{k)[[t]], 
with t as an independent variable. We fix a uniformizcr tt of V. Let /e G -R be the 
Eisenstein polynomial of degree e that has tt as a root. Let Rg be the local W{k)- 
subalgebra of i3(A;)[[t]] formed by formal power series with the properties that 

for all i G Nu{0} we have bi :— ai[^]l G W{k) and that the sequence (6i)igN of elements 
of W{k) converges to 0. Let /e(l) := {J^ilo^^it^ ^ Re\ao = 0}. Let be the Frobenius 
lift of Re that is compatible with a and that takes t to t^. For m G N let 

Um:=k[t]/in = k[[t]]/{n. 

Let Se be the VF(/c)-subalgebra of B{k)[t] generated by VF(/c)[t] and by the 4f's 
with i G N U {0}. As fe is an Eisenstein polynomial, Se is also VF( A;) -generated by 
VF(A;)[t] and by the ^'s with i G NU{0}. Therefore the VF(A;)-algebra depends (as its 
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notation suggests) only on e. The 2-adic completion of Sg is Re- Thus we have a W{k)- 
epimorphism V that takes t to tt and whose kernel has a natural divided power 

structure. We identify canonically Re/IeC^) = W{k), V = R/{fe), and V/2V = Ue- 

2.2. On finite, fiat group schemes. Let £'0 be a finite, fiat group scheme annihilated 
by 2 over a commutative Vr(/e)-algebra S; this implies that Eq is commutative. Let 
A_Eo : Eq ^ Eq Xs Eohe the diagonal monomorphism of S'-schemes. 

2.2.1. Definition. By a principal quasi-polarization of Eq we mean an isomorphism 
^Eo '■ Eq^Eq over S such that the composite coeq '■ Eq —>■ fi2s of {^Eq, ^Eq) ° ^Eq with 
the coupling morphism cueq '■ Eq Xs Eq ^ fi2g factors through the identity section of 

Let r e N. Until Section 3 we will take S = V, Eq to be of order 2^^, and Xeq to 
be a principal quasi-polarization. Thus the perfect bilinear form on Eqk induced by A Eq 
is alternating. Let (A^o^ <Poj 'L'O) Vq, &iV(,) be the evaluation of D(E'o, )^Eo) (equivalently of 

D((i?o, A£;q)[/^)) at the trivial thickening of Spec(t/e)- Thus A^o is a free C/e-module of 

(2) (2) 
rank 2r, the maps (po : Nq ^ Nq and vq : Nq ^ Nq are Ue-lineav, Vo is a connection 

on A^O) and 6jVo is a perfect bilinear form on A^o- We have (f)o o vq = and vq o (f)Q = 0. 

As A^o is a principal quasi-polarization, the bilinear morphism cueq o (Ibq, A^q) over S 

is symmetric. Thus 67V0 is a symmetric form on A'q. We expect that (at least) under 

mild conditions the form on A'o is in fact alternating. Here is an example over k that 

implicitly points out that some conditions might be indeed in order. 

2.2.2. Example. Let Ei be the 2-torsion group scheme of the unique supersin- 
gular 2-divisible group over k of height 2. The evaluation {Ni, (j)i,vi) of D(£'i) at 
the trivial thickening of Spec(/c) is a 2-dimensional A;-vector space spanned by ele- 
ments ei and /i that satisfy </>i(ei) = vi{ei) = /i and </>i(/i) = vi{fi) = 0. Let 
67V1 be the perfect, non-alternating symmetric bilinear form on A^^i given by the rules: 
^Ari(/i,ei) = 6Ari(ei,ei) = &iVi(ei,/i) = 1 and bNj_ifi, fi) = 0. For x e Ni we have 
6iVi {u, <t>i{x)) = ^ATi {(f^iix), u) — bN-^{x, vi{u))^ — 6jVi x). It is well known that the 
perfect bilinear form ^ati gives birth to an isomorphism A^^ : Ei^E\ over k. As we are 
in characteristic 2, the morphism coei '■ Ei — > ^2fc ^^^^ A; is a homomorphism over k. 
But as El has no toric part, co^i is trivial. Thus A^i is a principal quasi-polarization. 

2.2.3. Lemma. IfV = W{k), then the perfect form on Nq is alternating. 

Proof: Let D(£'o) = (A^o, -^0, 4>o, 4>i^ Vo) be the Dieudonne module of Eq as used in [39, 
Construction 2.2]. Thus Fq = Ker((/)o) and (pi : Fq ^ Nq is a u-linear map such that 
we have A'o = + (t'liFo)- Let x e Nq and u G Fq. We have 6jVo(0o(a^)) 0o(3^)) = 

26jVo(^; x)^ = and feATg (</>!(«), 4>iiu)) = 2&jV(,(ii, u)"^ = 0. Let v e Nq. We choose x and u 
such that we have an identity v = (poix) + (j)i{u). As ^atq is symmetric, we compute that 
bNo{v, v) = bNoi4'o{x), 4>o{x)) + 6ArQ((/)i(w), (^i('u)) = 0-1-0 = 0. Thus bNo is alternating. □ 

If V ^ W{k), then the ring V/4V has no Frobenius lift. Thus the proof of Lemma 
2.2.3 can not be adapted ifVy^ W{k). Based on this, for V ^ W{k) we will study pairs 
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of the form {No,bNo) only in some particular cases related naturally to the geometric 
context of Theorem 1.4 (see Theorem 5.1 below). 

3. Group schemes and involutions 

Let n e N. Let Spec(5') be an affine scheme. We recall that a reductive group scheme 
TZ over S' is a smooth, affine group scheme over S whose fibres are connected and have 
trivial unipotent radicals. Let TZ^ and TZ^^'^ be the adjoint and the derived (respectively) 
group schemes of 7^, cf. [12, Vol. Ill, Exp. XXII, Def. 4.3.6 and Thm. 6.2.1]. Let Lie(W) 
be the Lie algebra of a smooth, closed subgroup scheme U of TZ. If M is a free ^'-module 
of finite rank, let M* :— Hom(M, S), let GLm be the reductive group scheme over S of 
linear automorphisms of M, and let T(M) := ®s,me-Nu{o}M'^-' ®s M*®"'. Each S'-hnear 
isomorphism is : M^M of free ^-modules of finite rank, extends naturally to an ^'-linear 
isomorphism (denoted also by) is '■ T{M)^T{M) and thus we will speak about is taking 
some tensor of T(M) to some tensor of T(M). We identify End(M) = M (Sis M*. If 
(M, Am) is a symplectic space over S, let Sp(M, Am) := GSp(M, Am)'^^'^- We often use 
the same notation for two elements of some modules (like involutions, endomorphisms, 
bilinear forms, etc.) that are obtained one from another via extensions of scalars and 
restrictions. The reductive group schemes GL„5, Sp2„5, etc., are over S. 

Let S02ng, GSOj^g, and Oj^_g be the split S02n, GS02n, and (respectively) 
group schemes over S. We recall that GSOj^g, is the quotient of SOj^^ X5 G^^ by a 
fji2s subgroup scheme that is embedded diagonally. 

In Subsections 3.1 and 3.2 we present some general facts on SOj^ group schemes in 
mixed characteristic (0,2); see [7, plates I and IV] for the weights used. In Subsections 
3.3 and 3.4 we include complements on involutions and on non-alternating symmetric 
bilinear forms. In Subsection 3.5 we review some standard properties of the Shimura pair 
{G,X) we introduced in Subsection 1.3. 

3.1. The T>n group scheme. We consider the quadratic form 

£ln{x) := X1X2 -\ \- X2n-lX2n defined for X = {xi, . . . ,X2n) ^ J^n '■= '^12)- 

For a e Z(2) and x e we have 0„(q!x) = q;^0„(x). Let X>„ be the closed subgroup 
scheme of GL^^ that fixes 0.n- Let T>n be the Zariski closure of the identity component 
of T>nQ in T>n. The fibres of Vn are smooth and have identity components that arc split 
reductive groups (see [6, Subsection 23.6] for the fibre of over F2). We get that Vn 
is a smooth, affine group scheme over Z(2) whose generic fibre is connected and whose 
special fibre I^nF2 identity component which is a split reductive group. Thus I^nF2 

is connected, cf. [37, Subsubsection 3.8.1] applied to I^nZa- Therefore I>„ is a reductive 
group scheme; it has a maximal split torus of rank n and thus it is split. We conclude 
that Vn is isomorphic to 80^^2(2) (^^' uniqueness of a split reductive group scheme 
associated to a root datum; see [12, Vol. Ill, Exp. XXIII, Cor. 5.1]). We get that Vi is 
isomorphic to Gmz^o^: that V2 is the quotient of a product of two SL2z,on group schemes 
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by a A*2Z(2) subgroup scheme which is embedded diagonally, and that for n > 3 the group 
scheme is semisimple and V'!^^ is a split, absolutely simple, adjoint group scheme of 
Dn Lie type. 

Next we study the rank 2n faithful representation 

If n > 4, then p„ is associated to the minimal weight vji. But ps is associated to 
the weight W2 of the Lie type and p2 is the tensor product of the standard rank 2 
representations of the mentioned two SL2Z(2) group schemes. Thus pn is isomorphic to 
its dual and, up to a Gm(Z(2))-iiiultiple, there exists a unique perfect, symmetric bilinear 
form ^„ on Cn fixed by T>n (the case n = 1 is trivial). In fact we can take Q5n such that 
we have 

55n(w, X) := 0.n{u + x) - 0.n{u) - £2„(x) \/u, X G 

We can recover 0^ from 03^ via the formula £ln{x) = ^2}SEjE1^ where x G This 
formula makes sense as 2 is a non-zero divisor in Z(2)- We emphasize that we can 
not recover in a canonical way the reduction modulo 2Z(2) of On from the reduction 
modulo 2Z(2) of QSn- If n > 2, then (due to reasons of dimensions) P^f no faithful 
representation of dimension at most n and therefore the special fibre p^p Pn is an 
absolutely irreducible representation. Let J(2n) be the matrix of with respect to the 
standard Z(2)-basis for Cn, it is formed by n diagonal blocks that are (^g)- Therefore 
Q5n modulo 2Z(2) is alternating. 

As PnFa is smooth, we easily get that is the identity component of "D^. We check 
that Vn is isomorphic to 02^2^^^) have a non-trivial short exact sequence 

(2) Q^Vn^Vn^ Z/2Z2^^^ ^ 

that splits. We can assume that n > 2 (as the case n = 1 is easy). As PnF2 is absolutely 
irreducible for n > 2, the centralizer of "PnFa i^ '^n¥2 is a A*2F2 S^^P scheme and thus 
connected. Thus the group of connected components of 2^nF2 ^-cts on Vn-p2 outer 
automorphisms that are as well automorphisms of Pn f2- This implies that X'tiFq has at 
most two connected components (even if 2 < n < 4) . But it is well known that "D^q has 
two connected components and thus the open closed subscheme Vn \ I^n of Vn is flat 
and has a connected special fibre. We conclude that Vn is a flat group scheme over Z(2) 
and that the short exact sequence (2) exists. The 2n x 2n block matrix (q is an 

element of {V^ \ 'Dn)(Z(2)) of order 2 and thus the short exact sequence (2) splits (here 
/2n-2 is the 2?i — 2 X 2n — 2 identity matrix). The short exact sequence (2) is non-trivial 
as its generic fibre is non-trivial. Next we recall an obvious Fact. 

3.1.1. Fact. Let hN be a symmetric bilinear form on a free module N of finite rank over 
a commutative ¥2-algebra S. We have: 
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(a) The quadratic map qn '■ N —>■ S that maps x E N to bN{x,x) G S is additive 
and its kernel Ker((j7v) is an S-module. We have N = Ker(gjv) if ond only if bjv is 
alternating. 

(b) IfS is afield, then dim5(7V/Ker(5Ar)) < [S : 

3.1.2. Fact. Let Qn he the flat, closed subgroup scheme o/GL^^ generated by T>n and by 
the center Zn o/GL^^. Then Qn is a reductive group scheme isomorphic to GS02nz/ ^• 

Proof: The kernel of the product homomorphism : X>n XZ(2) GL/;^ is isomorphic 

to • '^^^ quotient group scheme Xz^a^ -2^n/Ker(nn) is reductive, cf. [12, Vol. Ill, 

(2) \ / 

Exp. XXII, Prop. 4.3.1]. The resulting homomorphism ^z^2) ^n/Ker(n^) — GL^^ 
has fibres that are closed embeddings and thus (cf. [12, Vol. II, Exp. XVI, Cor. 1.5 a)]) 
it is a closed embedding. Thus we can identify Qn with Vn XZ(2) ^n/Ker(n„). Therefore 
Qn is a reductive group scheme isomorphic to GS02nz, • ^ 

(2) 

3.2. Lemma. Let S be a commutative, faithfully fiat Z(^2)-<^l9^bra. Let Cs be a free S- 
submodule o/£„®Z(2) 'S'[|] of rank 2n such that Cs[\] — ^n®Z(2)^[\] o,ndwe get a perfect 
bilinear form 05^ : C,s ®s ~^ Suppose that there exists a reductive, closed subgroup 
scheme Vn{Cs) of GLcs whose fibre over isVngyv^ (therefore if S is reduced, then 
T^ni^s) is the Zariski closure ofVns[i] ii^ GL^^J. Then the perfect bilinear form on 
Csf^^s induced by 03^ is alternating. 

Proof: The statement of the Lemma is local in the flat topology of Spec(S'). Thus we can 
assume that S is local and Vn{Cs) is split, cf. [12, Vol. Ill, Exp. XIX, Prop. 6.1]. Let 
Ti and T2 be maximal split tori of Vns and Vn{j0.s) (respectively). Let h e ^^n'^(5'[^]) 
be such that h{Tis[i^)h-^ - ^2s[i], cf. [12, Vol. Ill, Exp. XXIV, Lemma 1.5]. By 
replacing Spec(5') with a torsor of the center of T>n{Cs) if n > 2, we can assume that 
there exists g e X>n(S'[|]) that maps to h. By replacing Cs with g~^{Cs)j we can assume 
that ^igji] = T2s[i]- Thus we can identify Ti = T2 (for instance, cf. [12, Vol. II, Exp. 
X, Cor. 7^2]). 

We consider the Ti-invariant direct sum decompositions Cn ®Z(2) ^ = ©|"iVi and 
Cs — ©i=iVi(i2s) into free ^-modules of rank 1, numbered in such a way that Ti acts on 
Vi and Vi{Cs) via the same character of Ti and we have Q3n(Vi, Vj) — 0ifl<i<j<2n 
and ^ {(1, 2), (3, 4), . . . , (2n - l,2n)}. Let W be an ,S-basis for Cs formed by 

elements of V^iCsYs. We have Vi{Cs) = fM, where fi e G^(5[^]). Thus for aU x e W 
we have Q3„(x,x) = 0. Based on this and on the fact that 03^ is symmetric, from Fact 
3.1.1 (a) we get that the perfect bilinear form on Cs/2Cs induced by 03^ is alternating. □ 

3.3. Involutions. See [24, Ch. I] for standard terminology and properties of involutions 
of (finite dimensional) semisimple algebras over fields. Let Spec(S') be a connected, 
reduced, afiine scheme. Let = (Bf^iJ-'i be a product of matrix ^-algebras. Let /jf be 
an involution of that fixes S. Thus Ij^ is an S'-linear automorphism of of order 2 
such that for all x, u ^ J- we have Ij^{xu) = /jr(?i)/jr(x). Let rj be the permutation of 
{1, . . . , s} such that we have Ij^{!Fi) = Tr]{i)i for alH e {1, . . . , s}. The order of rj is either 
1 or 2. 
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Let Co be a subset of {1, . . . ,s} whose elements are permuted transitively by rj. Let 
^0 '■= ®ieCo^i- Let Iq be the restriction of T^r to J^q. We refer to {J^o,Io) as a simple 
factor of Ijr). The simple factor {J^q^Iq) is said to be: 

- of second type, if Cq has two elements; 

- of first type, if Cq has only one element and Iq ^ l^r^; 

- trivial, if Co has only one element and /o = . 

3.3.1. Lemma. Suppose that S is also local and (jFo,/o) is of first type (thus is Ti 
for some i G {1, . . . , We identify Tq = End(Mo), where Mq is a free S-module of 
finite rank. We have: 

(a) There exists a perfect bilinear form 6q on Mq such that the involution of Tq is 
defined by bo i.e., for all u, v E Mq and all x E J-'o we have bo{x{u), v) = bQ{u, Io{x){v)). 

(b) The form bo (of (a)) is uniquely determined up to a Gm{S) -multiple. 

(c) // S is also integral, then bo is either alternating or non- alternating symmetric. 

Proof: Let Aut(GLMo) be the group scheme of automorphisms of GLmq- To prove (a) we 
follow [24, Ch. I]. We identify the opposite S'-algebra of JTq with End(Mo). Therefore Iq 
defines naturally an S'-isomorphism Iq : End(Mo)^End(Mo). We claim that each such 
S'-isomorphism is defined naturally by an S'-linear isomorphism cq : Mq^Mq . To check 
this claim, we fix an iS-isomorphism Iq : End(MQ )^End(Mo) defined by an S'-linear 
isomorphism Ci : Mq^Mo and it suffices to show that the ^'-automorphism ao := /q o /q 
of End(Mo) is defined (via inner conjugation) by an element do G GLmo{S). But ao 
defines naturally an 5- valued automorphism ao G Aut(GLMo)('S') of GLmq- 

Let PGLmo '■= GL^y. We have a short exact sequence — > PGLmq 
Aut(GLAf„) ^ i?o — ^ 0, where the group scheme Eo over S is either trivial or Z/2Zg (cf. 
[12, Vol. Ill, Exp. XXIV, Thm. 1.3]). Wc check that 5,0 G PGLm„(5'). We need to show 
that the image 0,2 of ao in Eo{S) is the identity element. As S is reduced, to check this 
last thing we can assume that 5 is a field and therefore the fact that 02 is the identity 
element is implied by the Skolem-Noether theorem. Thus ao G PGLmo('S'). 

As S is local, all torsors of Gms ^re trivial. Thus there exists do G GLmo('S') that 
maps to ao. Therefore co := c^^ o do exists. Let bo be the perfect bilinear form on Mq 
defined naturally by cq. As S' is reduced, as in the case of fields one checks that for all u, 
V G Mo and all x G JFo we have bo{x{u)j v) = bo{u, Io{x){v)). This proves (a). 

We check (b). Both bo and co are uniquely determined by do- As ao and ao are 
uniquely determined by /o, we get that do is uniquely determined by lo up to a scalar 
multiplication with an element of Gm{S). From this (b) follows. For (c) we can assume 
that is a field and this case is well known (for instance, see [24, Ch. I, 2.1]). □ 

3.3.2. Definition. Suppose that S is local and integral. Let bo be as in Lemma 3.3.1 
(a). Let J be an ideal of S. If the reduction of 60 modulo J is alternating (resp. is 
non-alternating symmetric), then we say that the reduction of the simple factor [To,Io) 
modulo J is of alternating (resp. of orthogonal) first type. 

We have the following converse form of Lemma 3.2. 
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3.4. Proposition. Suppose that the commutative 7i(^2)-o-l9^bra S is local, noetherian, 2- 
adically complete, and strictly henselian. Let bM be a perfect, non- alternating symmetric 
bilinear form on a free S-module M of finite rank 2n with the property that 6m modulo 
2S is alternating. We have: 

(a) There exists an S -basis W forM with respect to which the matrix ofbu is J{2n). 

(b) Suppose that S is as well a faithfully flat 7j(^yalgebra. Let qm '■ M ^ S be 

the quadratic form defined by the rule qM{x) := ^m^iEI^ where x G M. Let 0(M, qm) 
be the closed subgroup scheme of GLm that fixes qm- Let SO{M, qm) be the identity 
com,ponent of 0{M, qm) ■ Let GSO(M, qm) be the closed subgroup scheme of GLm gen- 
erated by SO{M, qm) and by the center of GLm- Then 0(M, qm) (resp. SO{M, qm) or 
GSO{M, qm)) is isomorphic to VnS (resp. T>ns orQns)- If S is also reduced and if Kg 
denotes its ring of fractions, then SO(M, qfM) is the Zariski closure of SO{M, qM)Ks in 
GLm- 

Proof: We prove (a). Our hypotheses imply that 8/ 28 is local, noetherian, and strictly 
henselian. As 6m modulo 25" is alternating, there exists an 5'/25'-basis for M/2M with 
respect to which the matrix of 6m modulo 25" is J(2n). By induction on g e N we show 
that there exists an S'/2^S'-basis for M/2^M with respect to which the matrix of 6m 
modulo 2^5' is J{2n). The passage from qio q-\-l goes as follows. We denote also by 6m 
different evaluations of its reduction modulo 2'^8 (resp. 2^'^^ 8) at elements of M/2'^M 
(resp. of M/29+iM). Let Wq = {wi,g, ^1,9, • • • , M^,g, i^n.J be an 5/2'?;S-basis for M/2iM 
such that wc have: (i) bM{ui,q,Vi^q) — 1 and bM{ui^q,Uj^q) = bM{vi,q,Vj^q) = for all i, 
i G {1, . . . , n} and (ii) bM{ui,q, Vj^q) = for alH, j G {1, . . . , n] with i ^ j. 

Let Wq+i = {ui^qj^i.vi^qj^i, . . . ,Un,q+i,Vn,q+i} be an S'/2«+^S'-basis for M/2<?+^M 
which modulo 2i-^8/2i+^8 is Wq modulo 2<i-^8/2i8, which modulo 2i8/2i+^8 is an 
S'/2'^S'-basis for M/2^M with respect to which the matrix of 6m modulo 2'^8 is J(2n), 
and which is such that for all i, j G {1, . . . , n} with i ^ j we have 6M('Ui,Q+i), Vj^q+i) = 

bM{Ui,q + l,Uj^q + l) = bM{Vi^q+l,Vj^q + l) = 0. 

Let w, f G M/2'^+-^M be such that bM{u,u) = 2^a, bM{v,v) = 2^c, and bM{u,v) = 
1 + 2^e, where a, c, e G 5/23+15. By replacing v with (1 + 2'^e)v, we can assume that 
e = 0. We show that there exists x G 8/2'^'^^ 8 such that 

6m(w + 2'i-^xv, u + 2'i-^xv) = 2«(a + a; + 2'^'i-'^x'^c) 

is 0. If g > 2, then we can take x = —a. If g = 1, then as x we can take any element of 
8/21+'^ 8 that modulo 28/2'^+^ 8 is a solution of the equation in t 

(3) a + t + ct'^ = 0, 

where a and c G 8/28 are the reductions modulo 28/2^'^^ 8 of a and c (respectively). The 

5'/2S'-scheme Spcc(S'/2S'[t]/(a + t + ct^)) is etale and has points over the maximal point of 
Spec(5'/2S'). As 8/ 28 is strictly henselian, the equation (3) has solutions in 8/28. Thus 
X exists even if g = 1. Therefore by replacing {u,v) with {u + 2'^~^xv, (1 + 2'^'^~^xc)v), 
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we can also assume that a — 0. Repeating the arguments, by replacing {u, v) with 
{u,v + 2'^~^u'u), where u' e we can also assume that c = 0. Thus hM{u,u) = 

bM{v,v) = and bM{u.,v) = 1. Under all these replacements, the S'/2^+-'^5'-span of {u,v} 
does not change. 

Applying the previous paragraph to all pairs {u,v) in {(li^ ^^i, g_|_i)|l < i < n}, 
we get that we can choose Wq+i such that the matrix of 6m modulo 2^+^5' with respect 
to Wg+i is J(2n). This completes the induction. 

As 5" is 2-adically complete and as Wg-i-i modulo 2'^~^S/2'^~^^S is Wq modulo 
2i~^S/2'^S, there exists an ^-basis W for M that modulo 2'^S coincides with Wg+i 
modulo 2'iS/2i+^S, for all ? e N. The matrix of 6m with respect to W is J(2n). Thus 
(a) holds. 

The triple {S, M, qm) is isomorphic to the extension to S of the triple {Z^2),J^n, 0.n) 
of Subsection 3.1, cf. (a). Thus (b) follows from the definitions of Vn, T>n, and Gn (see 
Subsection 3.1 and Fact 3.1.2). □ 

3.5. A review. In this Subsection we use the notations of Subsection 1.3 and we review 
some standard properties of the Shimura pair {G,X). Let /i : S > Gr, be an arbitrary 
element of X. If W (8)q C = F^^'^ © -^^'"^ is the Hodge decomposition defined by h, 
let fih '■ Gmc ~^ Gc be the Hodge cocharacter that fixes F^'~^ and that acts as the 
identity character of G^c ^h^'^ ■ ^he cocharacter fih acts on the C-span of t/^ via the 
identity character of Gmc- The image through h of the compact subtorus of S contains 
the center of Sp(VF, if)). This implies that the normal subgroup := G {~\ Sp(iy, if)) of 
G that fixes ih is connected and therefore it is also reductive. Let G% be the Zariski 

closure of G^ in Gz(2) ■ 

3.5.1. Some group schemes. Let Bi be the centralizer of B in End(L(2)). Let ^22(2) 
be the centralizer of B in GL^^^)? it is the group scheme over Z(2) of invertible elements 
of Bi. Due to the property 1.3 (i), the VF(F)-algebra Bi ®Z(2) W^(F) is also a product of 
matrix II^(F)-algebras. Thus G2vk(f) is a product of GL groups schemes over 1^(F). As 
1{B) — B we have also 1{Bi) = Bi. The involution I of Bi defines an involution (denoted 
also by X) of the group of points of G2Z(2) with values in each fixed Z(2)-scheme. Let 
Gi := Gi n Sp{W,il)). Let G^^^^^^ be the Zariski closure of G\ in Sp(L(2)i^); it is the 
maximal flat, closed subgroup scheme of G2z,„. with the property that all its valued 
points are flxed by the involution I. 

Let [Bi ®Z(2) Z2,2r) = (Bjeni^j:^) be the product decomposition of {Bi ®Z(2) "^2,^) 
into simple factors. Each Bj is a two sided ideal of Bi ®Z(2) ^2 that is a product of one 
or two simple Z2-algebras. It is easy to see that {Bi <8)Z(2) W{F),X) has no trivial factor 
and that all simple factors of {Bj,T) W{¥) have the same type. We have a product 
decomposition G2Z2 ~ IljeK^sj' where G2j is deflncd by the property that Lie(G'2j) is 
the Lie algebra associated to Bj. We have also product decompositions G^Zj = Wj^^, ^ij 
and = Yljen where G% := G?z^ n G2j and Gj := G^^ n G2j. 
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The double monomorphism G^^^^^ ^ G^j^^^^ ^ ^'^jw{F) W{F) is a product 
of double monomorpliisms over VF(F) that are of one of the following three possible forms: 

- GhnwiF) = GL„^(F) ^ GLnVK(F) X GL^^^p) (with n > 2), if each simple factor 
of {Bj,I) ^2,2 W(F) is of second type; 

- Sp2nw(F) = Sp2nw(F) GL2niv(F) (with 77, G N), if each simple factor of 
{Bj,X) (8)Z2 W^(F) is of symplectic first type; 

- S02nVK(F) ^ 02nVK(F) ^ GL2nw{F) (with n > 2), if each simple factor of 
{Bj,T) W(F) is of symplectic first type. [The case n = 1 is excluded as S02vk(f) is 
a torus and as B is the maximal Z(2)-subalgebra of End(L(2)) fixed by (?Z(2) •] 

Thus, as we are in the case (D), each simple factor of (i3j, X)(8>Z2^(F) is of orthogonal 
first type. Thus the quotient group scheme Gij^^^^/G^^^^^ is a product of one or more 

Z/2Z^(^p-| group schemes. Let G2j^ be the subgroup of G2jp fixed by J. The double 
monomorphism G° ^ ^ijf ^ ^'^JF F is a product of double monomorphisms of 
the form S02nF ^ O^nF ^ Sp2„F ^ (^his is so as modulo 2Z(2) is alternating). 

We get that the quotient group Gi/G is a finite, non-trivial 2-torsion group. We 
get also that is isomorphic to a product of S02nc groups {n > 2) and thus that 
^z^2) ~ ^Z(2)- From this and [36, Subsections 2.6 and 2.7] we get that G'^ is a product 
of S02j^ groups. [We recall that S02„ is the scmisimplc group over R whose R-valued 
points are those elements of SL2n(C) that fix both the quadratic form zf -\ — ■ + and 
the skew hermitian form —ziZn+i + Zn+izi — ■ ■ ■ — ZnZ2n + Z2nZn] 

The G(R)-conjugacy class A" of /i is a disjoint union of connected hermitian symmet- 
ric domains (cf. [9, Cor. 1.1.17]) that (cf. the structure of G^ are products of isomorphic 
irreducible hermitian symmetric domains of D III type i.e., of the form S02^(R)/Un(R) 
with n>2. The hermitian symmetric domain S02^(R)/Un(R) has complex dimension 
ndll-ll^ cf. [21, Ch. X, Section 6, Table V]. Thus if Gz2 is isomorphic to GS02nz2' 
then each connected component of X is isomorphic to S02„(R)/Un(R) and therefore 
has dimension . 

3.5.2. Extra tensors. For g G G{Af^) ^ G{Af), let Lg be the Z-lattice of W such 

that we have Lg ®z Z = g{L ®z Z). We have L(2) = Lg ®z '^{2)- Let {va)aeJ be a 
family of tensors of T{W) such that G is the subgroup of GL^k that fixes Va for all 
a E J, cf. [10, Prop. 3.1 (c)]. We choose the set J such that B C J and for 6 e B we 
have Vb = b e End(VF) = W (8)q W*. We recall that if /i e A" is as in the beginning of 
Subsection 3.5 and if 

w = [h,g^] e Gz(2)(Z(2))\A' X G(Af ) = (Sh(G, A')/i?2)(C) = AA(C), 

then the analytic space of w*{A) is Lg^\L ®-z C/F°'~"^, Vb is de Rham realization of the 
Z(2)-endomorphism of w*{A) defined by 6 G i3, and the non-degenerate alternating form 
on L(2) = Hi{w*{A),Z(^2)) defined by «;*(A) is a G^(Z (2)) -multiple of ip (see [30, Ch. 3] 
and [38, Subsection 4.1]). We get also a natural identification 

L(2) ®Z(2) Z2^{Hi{w*{A),Z2)r 
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under which vi, and ip get identified with the 2-adic reahzation of the Z(2)-6ndomorphism 
of w*{A) defined hy b E B and respectively with a 6^(22) -multiple of the perfect form 
on {Hl^{w*{A), Z2))* defined by w*{A). 

3.5.3. Decompositions. In this Subsubsection we assume that is isomorphic to 
GS02nz2 • Subsubsection 3.5.1 we easily get that n > 2 and that G2Z2 isomorphic 
to GL2nZ2- Thus we can identify Bi (S>Z(2) Z2 with End(V), where V is a free Z2-module 
of rank 2n. Let s e N \ {1} be such that as Bi <8)Z(2) Z2-modules we can identify 

(4) L^2) ®Z(2) Z2 = 

Let by be a perfect bilinear form on V that defines the involution X of Bi ®z^2) ^2 (cf. 
Lemma 3.3.1 (a)). Thus by is unique up to a Gm(Z2)-multiple (cf. Lemma 3.3.1 (b)), 
it is fixed by G"^^ — G^^, and it is symmetric (as {Bi ®Z(2) Z2,X) is of orthogonal first 
type). 

The projection of L(2) ®Z(2) Z2 on any factor V associated naturally to (4), is an 
element of B <S>Z(2) ^2; thus it can be identified with an idempotent Z2-endomorphism of 
^jVV(fe) ^''^^ therefore also with an idempotent endomorphism of the 2-divisible group of 
^7VV(te) • Thus the principally quasi-polarized 2-divisible group of {A, A)Afw(k) is oi the 
form 

Let b£ : S^S^ be the isomorphism that corresponds naturally to by. As by modulo 2Z2 is 
alternating, the generic fibre of bs[2] : £[2] -^£^[2]* is a principal quasi-polarization. Thus 
65 [2] itself is a principal quasi-polarization. 

3.5.4. Lemma. No simple factor of {Bi ®Z(2) F,X) is of orthogonal first type. 

Proof: Let (End(VF(F)^'^), X) be a simple factor of {Bi (8)Z(2) W{F),T); it is of orthogonal 
first type (see Subsubsection 3.5.1). Let 25^ be a perfect, symmetric bilinear form on 
M/(F)2" that defines the involution X of End(W^(F)2^), cf. Lemma 3.3.1 (a) and (c). 
Let V and K be as in Subsection 2.1 and such that there exists a i^T-linear isomorphism 
(VF(F)^"' ^w(F) K, QS^)^(£n (82(2) ^n), to be viewed as an identification. As Gz^^2) 
is a reductive group scheme over Z(2) (cf- property 1.3 (iv)), the Zariski closure of V^p^ 
in GL^(-F)2"0vv'(F)V' i^ ^ group scheme isomorphic to a direct factor of Gy — Gp^ (see 
Subsubsection 3.5.1 for the case V = W{F)) and thus it is reductive. From this and 
Lemma 3.2 we get that the reduction modulo 2V of the perfect, symmetric bilinear form 
05^ on W^(F)2'» ^w(F) V is alternating. Thus 03^ modulo 2W^(F) is alternating. □ 

3.5.5. Lemma. Let I be an algebraically closed field whose characteristic is either or 
2. Let Cn ®Z(2) I = - ® be a direct sum, decomposition such that we have £ln{x) — 
for all X E F^ U . Then the normalizer Vni of F^ in Q^i 0, parabolic subgroup of Q^i 
and we have dlm.{Qni/Vni) — . 

Proof: We can assume that n > 2. Let ni : Gmi Qni be the cocharacter that fixes 
Fi^ and that acts as the inverse of the identity character of Gmi on F^. Let Ti be a 
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maximal torus of Qni through which ni factors; it is also a torus of Vni- Let Lie{Qni) = 
Lie(Ti) 0Q,£e 0a be the root decomposition relative to T/; thus is a root system of 
Lie type. Let ©o be the subset of formed by roots a with the property that ni acts on 
either trivially or via the inverse of the identity character of Gmi- As factors through 
Ti, we have G = Go U (—Go). If we have Q;i,a2,ai + 02 G G, then [901,002] = 0ai+a2 
(cf. Chevalley rule of [12, Vol. Ill, Exp. XXIII, Cor. 6.5] applied to the Dn Lie type). 
This implies that (Gq + Gq) fl G C Gq. Thus Gq is a parabolic subset of G. Therefore 
Lie(T;) 0Q,ge Qa is the Lie algebra of a unique parabolic subgroup Vn'i of Qni that 
contains Ti, cf. [12, Vol. Ill, Exp. XXVI, Prop. 1.4]. We have Ue{Vni) = Lie(PnO- The 
group Vn'i is generated by Ti and by G^; subgroups of Qni that are normalized by Ti and 
whose Lie algebras are contained in Lie{Vni) — Lie(P„^). We easily get that each such 
Gal subgroup is contained in Vni- Thus Vn'i ^ ^ni- As Lie{Vni) — Lie('Pnz), we get that 
dim(7'„/) = dim;(Lie(7'n;)). Thus Vni is smooth. Thus as Vn'i ^ ^nh the group Vni is a 
parabolic subgroup of Qni- 

To check that diin{Qni/Vni) = "^"2"^'* ' suffices to show that G \ Gq has 
roots. If / has characteristic 2, then ni lifts to a cocharacter of Qnw(i) (cf- [12, Vol. II, 
Exp. IX, Thms. 3.6 and 7.1]) and thus to check that G \ Gq has '^^'^~^') roots we can 
replace / by an algebraic closure of B{1). Therefore we can assume that / has characteristic 
0. Even more, we can assume that I = C. If Z = C, then the cocharacter ni : Gmi — Gni 
is isomorphic to the cocharacter ii^ '■ Gmi ~^ of Subsubsection 3.5.1. Thus Gni/'Pni 
is isomorphic to the compact dual of the hermitian symmetric domain S02^(R)/Un(R) 
and therefore has dimension ^ cf. Subsubsection 3.5.1. Thus G \ Gq has 

roots if Z = C. □ 

4. Crystalline notations and basic properties 

Until the end we will use the notations of Subsections 1.3, 2.1, 3.5, and 3.5.2 and 
we will take the algebraically closed field k to have a countable transcendental degree 
over F2. For b E B C J'^ we denote also by b the Z(2)-endomorphism of Ae{g,x) defined 
naturally by b (cf. the classical moduli interpretation oi AfE(^G,x)': see [25, Section 5]). As 
jV' is a closed subscheme of Al, it is easy to see that each invertible element of B extends 
uniquely to a Z (2) -automorphism of A. As each element b E B is a, sum of two invertible 
elements of B, we get that b extends uniquelly to a Z(2)-endomorphism of A. Thus 
in what follows we will denote also by B the Z (2) -algebra of Z(2)-endomorphisms with 
which A is naturally endowed and therefore with which each abelian scheme obtained 
from A by pull back is endowed. For 6 e B, we denote also by b difi^erent de Rham 
(crystalline) realizations of Z(-2)-endomorphisms that correspond to b. In particular, we 
will speak about the Z(2)-iiionomorphism B"^^ End(My) that makes My to be a 
i3°PP ®Z(2) W{k)-module and makes M* to be a i3 (g)Z(2) Vl^(A;)-module (here B"pp is the 
opposite Z(2)-algebra of B). In this Section we mainly introduce the basic crystalline 
setting and properties needed in the proof of the Main Theorem. Let d := dime (A"). 

(2) 

4.1. The basic setting. The actions of G{A)^) on Sh{G,X)/H2 and M give birth 
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to actions of G{Aj_- ) on both J\f and A/"". Let Hq be a compact, open subgroup of 

GiAf^) such that we have Hq ^ Ker(GSp(L, ^)(Z) ^ GSp(L, ^/;)(Z//Z)) for some 
I e 1 + 2N. The group i^o acts freely on M (see Serre's result [32, Section 21, Thm. 5]) 
and the quotient scheme M./Hq exists and is a finite scheme over the Mumford scheme 
.4dimQ(w) . Thus Hq acts freely on the closed subscheme M of M.O(^) and therefore 

also on AA"^; moreover the quotient schemes Af / Hq and M'^/Hq exist. Thus A/" and A/''^ 
are pro-etale covers of N / Hq and M^/Hq (respectively). Both M/Hq and J\f^ / Hq are 
flat 0(^)-schemes of finite type whose generic fibres are smooth (see [38, proof of Prop. 
3.4.1]). Thus W is the pull back to U"^ of the smooth locus W/Hq of M^^/Hq and 
moreover we have .Af^^a x) ~ ■^e{g,x)- But /Hq is an open subscheme of M^/Hq and 

thus A/"® is an open subscheme of that is G{A\ '^) -invariant. As N /Hq is an excellent 
scheme (see [27, Subsections (34. A) and (34.B)]), the morphism W^/Hq U/Hq of 
0(^;)-schemes is finite. Thus the morphism A/"" — > A^ of 0(„)-schemes is also finite. The 
relative dimensions of N / Hq and N^/ Hq over 0(„) are equal to d. 

4.1.1. The difficulty. We would like to show that each point y G ^w{k){^') factors 
through M^f^j^y As we are in the case (D), the difficulty we face is that the formal 
deformation space Dy over Spf(/c) of the triple [A^XaiB) is not formally smooth over 
Spf (/c) of dimension d. One can check this starting from the fact (see the end of the fourth 
paragraph of Subsubsection 3.5.1) that the dimension of the subgroup of GSp(L(2) ®Z(2) 
F2, V') that centralizes B(8)Z(2) -^2 is greater than dim(G). We detail this in the case when 

is isomorphic to GSO^^^^- One always expects that Theorem 1.4 (a) holds and thus 
imphcitly that the centralizer of ®x^2) W{k) in Sp(My, Am^) has a special fibre Ck 
that is an Sp2^;. group. If the special fibre Ck is an Sp2^;j group, then the deformation 
theories of Subsubsection 1.2.3 imply that the tangent space of Dy has dimension 
which is greater than d = (cf. end of Subsubsection 3.5.1 for the last equality). 

Therefore the deformation theories of Subsubsection 1.2.3 do not suffice to show that 
■^w(k) formally smooth over W{k) at points above y e J^w{k){k)- This explains why 
in what follows we will use heavily Section 3 as well as several other crystalline theories 
and new ideas. 

4.1.2. Quasi-sections. The fiat morphism N'w{k)/HQ Spec{W{k)) is of finite type. 
Thus it has quasi-sections, cf. [18, Cor. (17.16.2)]. This implies that there exists a lift 

z : Spec(y) Mw{k) 

of y : Spec(/c) ■^w{k)j where V is a discrete valuation ring as in Subsection 2.1. We 
emphasize that z is not necessarily a closed embedding. We fix an algebraic closure K of 
K := V[i]. Let 

{Av,Xav) :=2*((AA)Ar^(,)). 

We denote also by A^^ the perfect form on (i^^^(A\/ /V))* that is the de Rham realization 
of Xav Let Fy be the Hodge filtration of H^j^^^Ay /V) defined by Ay- Under the 
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canonical identification H^j^{Av /V) ®v k = My/2My, the /c-vector space Fy k gets 
identified with the kernel of the reduction of $y modulo 2W{k). 

We fix an 0(„)-monomorphism iy :V ^ C Let w = [h,gw\ G A/'(C) = A/V(fc)(C) 
be the composite of Spec(C) — > Spec(V^) with z] thus Ac is w*{A) of Subsubsection 
3.5.2. The standard functorial isomorphism between the Betti and de Rham homologies 
of Ac and the identification L(2) = (-f^lt(^C) Z(2)))* of Subsubsection 3.5.2, give birth 
to an isomorphism 

lAa ■■ ^(2) ®Z(,) C^{Hl^{Av/V)Y ®v C 
of jB-modules that takes -0 to "^Xav some 7 G Gm(C). 

4.2. Fontaine theory. Let i^T be a finite field extension of K contained in K. Let V be 
the ring of integers of K. Let B be the Fontaine ring of K as used in [17]; it is a commu- 
tative, integral -B(/c) -algebra equipped with a Frobenius endomorphism and a Gal{K / K)- 
action. Let z e Mw{k){^) be the composite of the natural morphism Spec(y) Spec(F) 
of Vr( A;) -schemes with z. We identify L(2) Oz(2) Z2 = xyK, Z2))* with the Tate- 

module of the 2-divisible group of Aj^. Under this identification, [17, Thm. 6.2] provides 
us with a functorial S-linear isomorphism 

Cy : L(2) ®Z(2) B^M* ®wik) B 

that preserves all structures. We choose K such that the tensor G T(L(2) (E)Z(2) Q2) 
of Subsubsection 3.5.2 is fixed by the natural action of Gal{K / K) on L(2) ®Z(2) Q2 = 
{H\^{Ay Xy Q2))*. [One can check that we can always take K to be K; but this 
is irrelevant for what follows.] From Fontaine comparison theory we get that Cy takes 
Vet G T{W) to a tensor G T(M*[i]) and takes •0 to a Gm(-S)-multiple of the form 
\My on My ®w{k) B. If b E B C then tb is the crystalline realization b of the Z(2)- 
endomorphism 6 of ^. From the property 1.3 (iv) we get that the group GB{k) is split. 
From this and the existence of the cocharacter fih of Subsection 3.5, we get that GB{k) 
has cocharacters that act on the i?(A;)-span of if) via the identity character of GmB(k)- 
Thus by composing Cy with a S-valued point of the image of such a cocharacter, we get 
the existence of a symplectic isomorphism 

c'y : (L(2) «)Z(2) B,i;)^{M; <»w{k) B,XmJ 

that takes each Va to ta- As the group = G D Sp(VF, '0) is connected (see Subsection 
3.5), the only class in iJ^(Gal(A'/S(A;)), G^^^^ is the trivial one (see [35, Ch. II, Sub- 
section 3.3 and Ch. Ill, Subsection 2.3]). From this and the existence of c'y, we get the 
existence of a S(A;)-linear isomorphism 

(5) jy : ^2) ®Z(2) B{k)^M;[^] 

that takes i/j to Am and takes Va to ta for all a E J . 
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4.3. A crystalline form of 3.5.3. Until the end we assume that is isomorphic to 
GSOanzs- Thus d = of. Subsubsection 3.5.1. Let s e N \ {1} and (V, 6v) be as 

in Subsubsection 3.5.3. Let 



(6) {S',,Xsi) 

be the pull back of {S^^A^s) (see Subsubsection 3.5.3) through z; it is the principally 
quasi-polarized 2-divisible group of (Av^Xav)- Let bg : £g^£l be the pull back through 
z of the isomorphism bs of Subsubsection 3.5.3. To (6) corresponds a direct sum decom- 
position 



(7) (M„$,) = (iV^^$,). 

Let bN be the perfect, symmetric bilinear form on Ny that correspond to bz (via the 
Dieudonne functor D). Let {Ny, bf^^) :— {Ny, bNy) ^w{k) k. From the end of Subsubsec- 
tion 3.5.3 we get that: 

4.3.1. Fact. The isomorphism 6^(2] : £^[2]— ^^^p]* is a principal quasi-polarization of 
^.[2]. 



5. Proof of 1.4 (a) 



We will use the notations of Subsections 1.3, 2.1, 3.5, 3.5.2, and 3.5.3. In this 
Section we prove Theorem 1.4 (a). The hard part of the proof is to show that Lemma 
3.5.4 transfers naturally to the corresponding crystalline contexts that pertain to y; the 
below Theorem surpasses (in the geometric context of the Main Theorem) the problem 
(i) of Subsection 1.1. 

5.1. Theorem. Suppose that G-z^ is isomorphic to GS02nz2- ^^^'^ f^""" ^ch point 
y e Hw{k){k), the perfect bilinear form bjq^ on Ny is alternating (see Subsection 4-3 for 
notations). 

Proof: We recall b^^ is symmetric. If F = W{k), then based on Fact 4.3.1 the Theorem 
follows from Lemma 2.2.3 applied to (£^2(2], 6^ [2]). The proof of the Theorem in the 
general case (of an arbitrary index [V : W{k)] G N) is a lot more harder and therefore 
below we will number its main parts. Let Spec(S') be a connected etale cover of an affine, 
connected, open subscheme of the reduced scheme of Nu/Hq, which is smooth over k and 
which specializes to the A;- valued point of Mk/HQ defined by y. In Subsubsections 5.1.1 
to 5.1.5 we will use only properties 1.3 (i) and (iii); but in Subsubsection 5.1.6 we will 
use also the property 1.3 (iv) and thus implicitly Lemma 3.5.4. 

5.1.1. Part I: notations. We can assume that the compact, open subgroup Hq 
of G(Ay ) is such that: (i) the triple {A,h.,B) is the pull back of a similar triple 

(^Ho, A//o,'B) over U / Hq (this holds if i^o ^ Ker(GSp(L, ^/;)(Z) ^ GSp(L, i/;)(Z//Z)) 
for some odd / >> 0), (ii) we have a direct sum decomposition ^7^0(2] Xjv'/Hq S — that 
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corresponds naturally to the decomposition (see Subsubsection 3.5.3) ^A/vK(fe) [^i ~ (^[2])*; 
and (iii) there exists an isomorphism Xe : E^E^ that corresponds naturally to fey. From 
Fact 4.3.1 we get that the isomorphism A^; is a principal quasi-polarization. Let 

(7V,0,i;,V,M 

be the evaluation of D(i?, A^) at the trivial thickening of Spec(S'); thus A/" is a projective 
yS-module. Let F := Ker (</>); it is the Hodge filtration of N defined by E. We consider 
the S-submodule 

X := {x e N\hN{x,x) = 0} C AT. 

To prove the Theorem, using specializations we get that it suffices to show that hN 
is alternating. To check this thing, we will often either shrink S (i.e., we will replace 
Spec(5') by an open, dense subscheme of it) or replace Spec(5') by a connected etale 
cover of it. We will show that the assumption that hjsi \s not alternating, leads to a 
contradiction (the argument will end up before Subsection 5.2). 

As hN{F,F) = 0, we have F Q X. By shrinking S, we can assume that N and 
F are free ^'-modules, that the reduction of hN modulo each maximal ideal of S is not 
alternating, and that we have a short exact sequence of nontrivial free /S-modules 

(8) ^ X ^ iV ^ N/X 0. 

We have rk5(A'") = 2n and (cf. the existence of Xe) rk5(F) = n. Let r := rk5(A^/X). 
We have r e {n, . . . , 2n — 1} and rk5(X) ~ 2n — r. As the field of fractions of S is not 
perfect, we can not use Fact 3.1.1 (a) and (b) to get directly that r is 1. 

5.1.2. Part II: Dieudonne theory. The short exact sequence (8) is preserved by 
and V. Even more, we have (j){N^'^^) C X and v{N) C X^'^\ Thus the resulting Frobenius 
and Verschiebung maps of N/X are both maps. By shrinking S, we can assume that 
S has a finite 2-basis. From the fully faithfulness part of [5, Thm. 4.1.1 or 4.2.1] we get 
that to (8) corresponds a short exact sequence 

^ a25 ^ ^ ^ ^1 ^ 

of commutative, finite, flat group schemes over S. Let 

E2:= X^\El)^X^\E') = E. 

The quotient group scheme E/E2 is isomorphic to (0:25)* and therefore to OL2^g- Let 
Y be the direct summand of N that defines the evaluation of Im(D(i?/i?2) D(i?)) 
at the trivial thickening oi S. As E j Ei-^a-^s, we have ^{J ®\) = 0. Thus Y C F 
and therefore the 5- linear map Y N/X is 0. This implies that the homomorphism 
025 E/E2 over S is trivial, cf. [5, Thm. 4.1.1 or 4.2.1]. Thus the subgroup scheme 
025 of £■ is in fact a subgroup scheme of E2. 
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The perpendicular of Y with respect to ^at is X, cf. constructions. Thus Bn induces 
naturally a perfect form on TV := X/Y that (cf. the definition of X) is alternating. 
Let 

E := EijoL-ig. 

Let A^, : E^E^ be the isomorphism of finite, flat group schemes over S induced by As- 
The evaluation of D(£', A^,) at the trivial thickening of Spec(S') is {N, 0, v, V, fejy-); where 
(0, {), V) is obtained from (0, i;, V) via a natural passage to quotients. 

5.1.3. Part III: computing r. As S is an etale cover of a locally closed subscheme of 
M-k/Hf), the image of the Kodaira-Spencer map ?i of V (i.e., of E) is a direct summand 
of Hom(F, N/F): by shrinking S we can assume that this direct summand is free of rank 
d = . The connection V restricts to connections on Y as well as on X. From this 
and the inclusions y C F C X, we get that lm.{H) is a direct summand of the direct 
summand Hom(F/y, X/F) of Hom(F, N/F) and thus it is canonically identified with the 
image of the Kodaira-Spencer map H of E. As alternating, we have rk5(Im(?i;)) < 
{n-r){n-r+i) ^ ^ recall that the moduli scheme An-r,i,l (see Subsubsection 1.2.1) 
has relative dimension (!izll(2zl±i) _] Thus the three numbers d = ^ (n-r)(n-r+i) ^ 
and rk5(Im(7Tf)) = rk5(Im(7i)) must be equal. Thus r = 1 and the pair {E,Xj^) is a 
versal deformation at each /c- valued point of Spec(S'). As r = 1 and n > 2, we have 
iV ^ 0. 

5.1.4. Part IV: reduction to an ordinary context. We check that by shrinking 
S and by passing to an etale cover of S, we can assume that there exists a short exact 
sequence 

(9) ^ fi^r' ^ 0. 

This well known property is a consequence of the versality part of the end of Subsubsection 
5.1.3. For the sake of completeness, we will include a self contained argument for (9). 

Let F := F/Y C N. Let J be a fixed maximal ideal of S. Let {Nk,^k,Vk, F^^bj^J 
be the reduction of (iV, 0, {;, F, 6^) modulo J. By shrinking S, we can assume that N 
and F are free S'-modules. We fix an isomorphism 

Is:{Nk,Fk,b^J(^k S^{N,F,b^) 

of filtered symplectic spaces over S. Let iV^ = F^ ® be a direct sum decomposition 
such that Qk is a maximal isotropic subspace of Nk with respect to b^^. We define 

H := Sp{Nk, ^iVfc)- -^^y standard symplectic /S-bases of Nk <8)fe S with respect to bf^^ 
are ^(S')-conjugate. Thus there exist elements hs, hs G H{S) such under /g, (f) and v 
become isomorphic to hs o {(pk ® Is) and {vk ® Is) o hg^hg^ (respectively). As {; o = 0, 

~ ~ ~ ~ (2) ~ 

we get that hs normalizes Im{(j)k) ^k S = Ker('i;fc) 0^ S. As for x G A^^ and u G Nk 
we have identities bf^ {hs{4^k{x 1)), u ® 1) — bf^ {x ® 1, {vk ® ls)hg^hg^{u (8) 1)) and 
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6^J(/)fc(a;(g) !)),«) = bj^^{x(S)l,Vk{u)), we get bj^J(pk{x(^l),hs{u(g)l) -w(g)l) =0; thus 
hs{u®l) —u^l e lm{(f)k) <^k S — Ker{vk) ®fc S. These two properties of ^5 imply that 
(vk <8) Is) ° hg^ = ■Ufe (8) Is- Thus we can assume that hs is the identity element of H(S). 

Let ho e H{k) be such that ho'PkiiQkY'^^) = Qk] this implies that (iV^, /lo^fe: ^kh^^) 
is an ordinary Dieudonne module over /c. Thus there exists a non-empty open subscheme 
O of H such that for each element g G 0{k), the triple {N^, go(f)k,Vkog~^) is an ordinary 
Dieudonne module over k. Let P be the parabolic subgroup of H that normalizes Fk- Let 
C be the Levi subgroup of P that normalizes Qk- For h G -P(A;), we write h ~ h'^c, where 
h'^ is a A;- valued point of the unipotent radical of P and where c G C{k). We consider 
the morphism 

js:PXkSpec{S)^H 

that takes {h,m) G x Spec(S')(A;) tou := h{hsom){{c)~^ oa) G As Im(7T(;) has 

rank d = '^^'^~^'> ^ the composite of hs '■ Spec(iS') H with the quotient epimorphism H -» 
H /P \s smooth. Thus js induces fc-linear isomorphisms at the level of tangent spaces of 
/c- valued points. Therefore i*g{0) is a non-empty open subscheme of P Xfc Spec(S'). Thus 
there exists a pair (/i, m) G P{k) x Spec(S')(A;) such that we have u G 0{k). The reduction 
of (iV, 0, {;) modulo the maximal ideal J of S that defines m, is isomorphic to (iV^, (/ig o 
'fh)(j)k-,Vk{hs ° '^)~''^) cind therefore also to {Nk,h{hs o rfi)(f)kh~^ , hvk{hs o rh)~^h~^) = 
{Nkiu4>ki'^kU~^). Thus the reduction of E modulo J is an ordinary truncated Barsotti- 
Tate group of level 1 over k. Therefore, by shrinking 5', we can assume that E is an 
ordinary truncated Barsotti-Tate group of level 1 over k. Thus the short exact sequence 

(9) exists. 

5.1.5. Part V: filtrations. Due to (9) and the existence of the short exact sequence 
— > £■ — > — > a2s — >^ 0, we have naturally another short exact sequence — > /i2s~^ 
El — «2s Xs 7i/'2.7i^~ — > 0. Due to (9) and the existence of a short exact sequence 
— > a2s — >^ — >^ 0, we get that we have naturally another short exact sequence 
^ a2s X5 /i25"^ ^ E2 ^ Z/2Z^"^ 0. Thus E has a filtration by finite, flat 
subgroup schemes 

(10) ^ ^ E(2) ^ E, 

where £^(1) is A*25~^5 -^(2)/-E'(i) is the extension of ^25 by 0.23-, and E jE^^) is T^jTZTg ^ . 

In order to benefit from previous notations, until Subsection 5.2 we choose y : 
Spec(/c) — > A/vK(fe) such that it defines a morphism Spec(/c) Nw{k)/Ho that factors 
through Spec(S'). Let By := Sz Xy k. The 2-ranks of £y and £y are n — 1 (see (10)). It is 
well known that this implies that has a filtration by 2-divisible groups 

(11) ^ £(1), ^ £^2)z < £z, 

where £{i)z — A*2°°v~^? ^2/^(2)2 = (Q2/Z2)y"''^, and the 2-divisible group S'^ := 

£(2)z/B{i)z over V is connected and has a connected dual. The height of S'^ is 2 = 
2n-2(n- 1). 
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5.1.6. Part VI: the new pair [S'^, b'^). The filtration (11) is compatible in the natural 
way with b^. Let b'^ : S'^^S'J' be the isomorphism induced naturally by bg. Let 72 
be the Tate-module of the generic fibre S'^j^ of E'^. As S'^ has height 2, T2(£^^^) is a a free 
Z2-module of rank 2 on which Gal(K/iir)-acts. To b'^ corresponds a perfect, symmetric 
bilinear form (denoted also by) b'^ on T2{S'^j^) that modulo 2Z2 is alternating. Let 
GSO' be the Zariski closure in G'Lx2{£' ^) of the identity component of the subgroup of 
GLj^^j-^/^-jji] that normalizes the Z2-span of b'^. 

As GSO'^(p) is isomorphic to GS02vk(f) (cf- Proposition 3.4 (b)), GSO' is a rank 
2 torus. By replacing (V, z) with a pair {V, z) as in Subsection 4.2, we can assume that 
the Galois representation Gsl{K/K) — > GLt2{S' ^){'^2) factors through GSO'(Z2). Let 
E' be the semisimple, commutative Z2-algebra of endomorphism of 8'^ whose Lie algebra 
is Lie(GSO'). 

Let e and be as in Subsection 2.1. Let (A^^, T^, V^, ^at/ ) be the projective 
limit indexed by m G N of the evaluations of D((£^^, b'^Ju^) at the thickenings attached 
naturally to the closed embeddings Spec(t/e) ^ Spec(^e/2"^-Re)- Thus A^^ is a free Re- 
module of rank 2, we have i?e-linear maps : N'^ <Sir^ ^r^Rc — and : AT^ — > 
N'^ (S>_R^ $^^i?e, : N'^ ^ N'^ ®B.^ Redt is an integrable and topologically nilpotent 
connection, and b^'^ is a perfect, symmetric bilinear form on N'^. The Z2-algebra B' acts 
on A''^ and the Re (X>Z2 i3'-module N'^ is free of rank 1. To the natural decomposition 
B' W{F)^W{F) © W{F) of M^(F)-algebras corresponds a direct sum decomposition 
AT^ = n'J'^^ © N'J-"^^ into free i?e-niodules of rank 1. Both N'P and A^^^^^^ are isotropic 
with respect to b^f^. therefore bpf^ modulo 2Re is alternating, cf. Fact 3.1.1 (a). Thus 
(A^^, bjsf'J (8>_Rg /c is a symplectic space over k of rank 2. 

The fibre of the filtration (11) over k splits. This implies that over k we have a direct 
sum decomposition 

(12) {Ny,b^^) = (KM'J ^R^k®{NoMJ, 

where (NojbN^) is part of a quadruple {No,(f)Noj'^No,bNo) that is the evaluation at the 
trivial thickening of Spec (A;) of the Dieudonne functor D applied to an ordinary truncated 
Barsotti-Tate group Eo of level 1 over k equipped with an isomorphism A^;^ : Eo—^E^. It 
is easy to see that ^tv^ is an alternating form on N^. Thus {Ny, bf^^) is a symplectic space 
over k, cf. (12). Therefore the reduction of 6jv modulo the maximal ideal of S associated 
naturally to y is alternating. In other words, we reached the desired contradiction. Thus 
6jv is an alternating form on N. This proves the Theorem. □ 

5.2. End of the proof of 1.4 (a). Due to Theorem 5.1, the formula qNy{x) := — ^3"^ — 
defines a quadratic form on A^^. Let Gw{k) be the Zariski closure in GSp(My, Amj,) of 
the identity component of the subgroup of GSp(My[^], Amj^) that fixes for all 6 e S C 
J. We can redefine Gw{k) ^ ^^^{^yiQ.Ny) and therefore (5vi/(fe) is a reductive group 
scheme, cf. Proposition 3.4 (b). 

Let jy be as in Subsection 4.2. Let Ly := j~^{My); it is a VF(fc)-lattice of L(2) ®Z(2) 
B(k). We recall that jy takes to and takes b — vi, to b — tt, for all 6 G i3 (cf. (5); 
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see Subsubsection 3.5.2 and the beginning of Section 4 for these identities). Thus the 
-lattice Ly of L(2) ®Z(2) K has the following three properties: 

(i) for aU 6 e i3 ®Z(2) W{k) we have h{Ly) C Ly, 

(ii) the Zariski closure of GB(k) ^^Ly is a reductive group scheme jy^G\Y(^k^jy 
over W{k), and 

(iii) we get a perfect, alternating form ^|; : Ly ^w{k) Ly W{k). 

In this paragraph we check that properties (i) to (iii) imply that there exists Qy G 
G^{B{k)) such that we have (7y(L(2)®Z(2) W{k)) = Ly. Let T^r(^k) be a maximal split torus 
of Gw{k) which (cf. property (ii)) is also a maximal torus of jy^Gw{k)jy The existence 
of Twi^k) follows from the fact that each two points of the building of GB{k)-i belong to an 
apartment of the building (see [37, pp. 43-44] for this fact and for the language used). 
Let L(2) ®Z(2) W{k) = (Biex'^i -^y = ®iex^/ be direct sum decompositions indexed 
by a set x of distinct characters of ^^^/(fc), such that for alH G x the actions of Tvi/(fc) 
on Wi and are via the character i of T^^^). The representation of B ®Z(2) -S(^) 
Wi[^] — Wl[^] is absolutely irreducible. Thus the representations of B ®Z(2) W{k) on 
Wi and Wl are isomorphic and their fibres are absolutely irreducible. Therefore there 
exists TT-i G Z such that we have p^^Wi = W/. Let /iq : GmB{k) ~^ GLijjj^z^j)-^^^) ^® 
a cocharacter such that it acts on Wi[|] via the n^-th power of the identity character of 
GmB(fe)- Let Qy := ^o{p). We have gy{L(^2) <8)Z(2) W{k)) = Ly. As Ty^^k) is a torus of 
GSp(L(2) ®Z(2) W{k),'^), for each i Ex there exists a unique i G x such that for every 
i' G X \ {i} we have '^{Wi, Wi') = 0. The map x ^ X that takes i to i is a bijection 
of order at most 2. But as Ly and L(2) ®Z(2) W{k) are both self-dual M^(/c)-lattices of 
W ®Q B{k) with respect to ij^ (cf. property (iii)), for all z G x we have Ui + ni = 0. 
Therefore /iq fixes ip. As for z G x the 14^(A;)-module Wj is left invariant by B®-z^^^ W{k)., 
jiQ fixes all elements b e B. Thus /xq is a cocharacter of GiB(fc) therefore also of the 
identity component G^^^^ of G\^(^i^y Thus Qy G G^{B{k)) i.e., exists. 

By replacing j'j^ with jygy, we can assume that jy{L(^2) ®Z(2) W^(A;)) = jy{Ly) = M*. 
Thus : L(2) ®Z(2) W(A:)^M* is an isomorphism of S®Z(2) W^(/c) -modules that induces 
a symplectic isomorphism (1/(2) ®Z(2) W^(^)) Xhiy)- Thus Theorem 1.4 (a) holds. 

6. Proof of 1.4 (b) 

We recall that until the end we assume that is isomorphic to GS02nz2- 
sections 6.1 to 6.6 are intermediary steps needed to finalize the proof of Theorem 1.4 (b) 
in Subsection 6.7. In Corollary 6.8 we get a variant of Theorem 1.4 (b) for N'kiv)- 
use the notations of Subsections 4.1 to 4.3. Let Gw{k) be the reductive, closed subgroup 
scheme of GLm,^ introduced in the beginning of Subsection 5.2. 

In Subsections 6.1 and 6.2 we show the existence of a good cocharacter py : 
Gmw{k) ~^ Gw{k) that produces a direct sum decomposition My = F-*^ © F° such that 
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is the Hodge filtration defined by a lift (A,A^,i3) of {A,\a,B) to W{k). Unfortu- 
nately, we can not check directly that we can assume that {A^X^^B) is the pull back 
of A,B)7vV(fc) '^i^ ^ VF(/s)-valued point of Mw{k) that lifts y (see Remark 6.2.1; this 
explains the length of this Section). In Subsection 6.3 we associate to a smooth, closed 
subgroup scheme U of (jvk(A:) of relative dimension d over W{k). In Subsection 6.4 we 
use U and [14, Section 7] to construct a deformation of {A, Xa, B) that is versal and 
that defines naturally a morphism TOit(d)/2K(d) '■ Spec{R{d)/2R{d)) — > A4k of /c-schemes, 
where R{d) is a VF(/c) -algebra of formal power series in d variables. In Subsections 6.5 to 
6.7 we use a modulo 2 version of [14, Section 7] to check that mji(^d)/2R{d) factors through 
a formally etale morphism nfi(^^y2R{d) '• Spec{R{d) /2R{d)) — > Afcred of fc-schemes; the 
existence of Uj^^fi^ /2R{d) will surpass (in the geometric context of the Main Theorem) the 
modulo 2W{k) version of the problems (ii) and (iii) of Subsection 1.1. 

6.1. Proposition. There exists a cocharacter /ly : Gmw{k) ~^ Gw{k) that gives birth 

to a direct sum decomposition My = F^ Q) F^ with the properties that F^ lifts the Hodge 
filtration F^ := ®v k of My/2My defined by A and that (3 e Gm{W{k)) acts on 
through jjLy as the multiplication with (i e {0, 1}). 

Proof: Let Fq be a direct summand of the VF(A;)-module Ny that lifts the Hodge filtration 
of Ny = Ny/2Ny. Foi u e F^ let x := e Ny. We have bNy{x,x) = |(t(6jv^('U, w)) 

and (cf. Theorem 5.1) bNy{x,x) G 2W{k). Thus for all u e Fq we have bNy{u,u) e 
AW{k). It is easy to see that this implies that we can choose Fq such that we have 

bNy{FlF^)(Zm{k). 

Let {tti, -Di, . . . , Un-, Vn} be a VF(/c)-basis for A^^ such that the following three things 
hold: {«!, . . . , Un} is a VF(/c)-basis for Fj^, for each i G {1, . . . , n} we have b^y {ui, Vi) = 1, 
and for each z, j e {1, . . . , n} with i ^ j and for every pair (u, v) e {(ui, %), ('Ci, Vj)} we 
have bNy{u,v) e AW{k). As bf^^ is alternating (cf. Theorem 5.1) and as bNyiui,Uj) G 
4W{k) for all i, j G {l,...,n}, from the proof of Proposition 3.4 (a) (applied with 
S — W{k) and > 2) we get that there exists a VF(A;)-basis {wi, t^i, . . . , Un, Vn} for Ny 
with respect to which the matrix of bN is J{2n) and moreover for i G {l,...,n} we 
have Ui — Ui E 2My. Let Fq and Fq be the VF(/c)-spans of {wi, . . . , Un} and {f i, . . . , f„} 
(respectively). The direct sum decomposition A^^ = Fq^®Fq of VF(A;)-modules is such that 
Fq and Fq are congruent modulo 2W{k) and we have bNy{FQ, Fq) = bNy{FQ,FQ) = 0. 

We refer to (7). As My = Ny, we can take the decomposition My = F^ ® F° such 
that we have F^ := (F^Y and FO := {F°y. Thus we have: 

(i) the image of the cocharacter jiy : Gmw(k) ~^ GLmj, that acts on F^ and F° as 
desired, fixes all endomorphisms of My defined by elements of B°^^ . 

As bNy {F^,F^) = bNy (FO, FO) = 0, we get also that: 

(ii) the group scheme Gmw(k) c-cts via Hy on the W{k)-span of b^^ and thus also 
on the W{k)-span of XMy, through the inverse of the identity character of Gmw{k)- 
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Prom properties (i) and (ii) we get that the cocharacter Hy factors through the sub- 
group scheme of GSp(My, XMy) that fixes the Z(2)-algebra B°^^ of End(My). Therefore 
the cocharacter fiy factors through Giv(^i^y □ 

6.1.1. Corollary. The normalizer Pk of Fy = ^w{k) k in Gk '■— GvK(fc) >^w{k) k is a 
parabolic subgroup of Gk such that we have dim{Gk/ Pk) = ^^"^2 ~ ^■ 
Proof: Let QNy be as in Subsection 5.2 and let QyVj, be the reduction of qNy modulo 2W{k). 
For X e Fq UFq , we have qNy{x) — 0. As we can identify Giv{k) with GSO{Ny, qn^) and 
as F^ = {FqY, we can also identify Pk with the normalizer of Fq^/2Fq^ in GSO(iVy, qN^)- 
Thus the Corollary follows from Lemma 3.5.5. □ 

6.2. Good choice of fXy. Let {Dy, Xoy, B) be the principally quasi-polarized 2-divisible 
group over k endowed with endomorphisms of y*{{A., A, B)j^^^^,^). We check that we can 

choose the cocharacter /ly of Proposition 6.1 such that there exists a lift {D,Xj^,B) of 
[Dy, Xoyi B) to W{k) with the property that F^ is the Hodge filtration of My defined by 
D. We consider the direct sum decomposition My = My(o) ® ® My(2) left invariant 

by $y and such that all slopes of {My^^i-^, $y) are if / = 0, are 1 if / = 2, and belong to 
the interval (0, 1) if / = 1. To it corresponds a product decomposition Dy = Y[i=o ^viO- 
We consider the Newton type of cocharacter Uy : Gmw{k} ~^ GliMy that acts on 
Myf^i^ via the Z-th power of the identity character of Gmw{k)- The endomorphisms of My 
defined by elements of B°^^ are fixed by (i.e., commute with) $y and moreover we have 
XMy{^y{u), = 2o-(AMy('U', f)), for all V E My. This implies that the cocharacter 

Uy fixes all these endomorphisms of My and normalizes the VF(/c)-span of Xj^y- Thus Uy 
factors through Giy(fc)- The special fibre of Uy normalizes Fy — F^ /2F^ (i-e-, the kernel 
of $y modulo 2W{k)) and therefore it factors through Pk- We can replace the role of iiy 
by the one of an inner conjugate of it through an arbitrary element g e Gw{k){W{k)) 
that lifts an element of Pk{k). But there exist such elements g with the property that 
gHyg~^ and i/y commute. Thus not to introduce extra notations, we will assume that Hy 
and i/y commute. Therefore we have a direct sum decomposition F^ = (Bf^QF^^y where 

F^i^ := F^ nMy(;). There exists a unique 2-divisible group over W{k) that lifts -Dy(i) 
and whose Hodge filtration is F^^-^, cf. [16, 1.6 (ii) of p. 186] applied to the Honda triple 
(My(;), i$y(F^y , $y). Lct != ll^^^^ D ^^1)] th.^ ffxct that there exists a lift (£>, A^,B°pp) 
of {Dy, Xoy^B) to W{k) is also implied by loc. cit. 

6.2.1. Remark. Let {A,X^,B) be the principally polarized abelian scheme over W{k) 
endowed with endomorphisms that lifts [A, Xa, B) and whose principally quasi-polarized 
2-divisible group endowed with endomorphisms is (D, A^, B). Let Spec{W (k)) — > -Mwik) 
be the morphism of M^(/c) -schemes associated to {A, A^) and its symplectic similitude 
structures that lift those of {A, Xa)- As we are in the case (D), we have G ^ Gi and thus 
the Hasse principle fails for G. Therefore we can not prove directly that this morphism 
of VF(/c) -schemes factors through A/V(fc)- This explains why in the below Subsections 6.5 
and 6.6 we will work mainly modulo 2 and not directly in mixed characteristic (0, 2). 
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6.3. Defining U. We have a natural direct sum decomposition of -modules 
End(Mj^) =End(Fi)©End(FO)©Hom(Fi,FO)©Hom(FO,Fi). Let C7 be the flat, closed 
subgroup scheme of GLm^ defined by the rule: if ^ is a commutative VF(A;)-algebra, then 

U{R) = lM,®^(,)fl + (Lie(G;^(fc)) nHom(F\FO)) R 

(the last intersection being taken inside End(Mj,)). The group scheme U is smooth, 
connected, commutative, and its Lie algebra is the direct summand Lie(G'p^/(/j)) Pi 
Rom{F\F^) of Hom(Fi,FO) = Rom{F\ My/ F^). Thus Lie(f7) C Ue{Gwik))- This 
implies UB{k) ^ GB{k)-, cf. [6, Ch. II, Subsection 7.1]. Thus U ^ Gw{k)- The group 
scheme U acts trivially on both F° and My/F^ and the natural morphism Uk — > Gk/Pk 
of fc-schemes is an open embedding. Thus the relative dimension of U over W{k) is 
dim(G;s/-Pfc) and therefore (cf. Corollary 6.1.1) it is d. 

Let Spf (i?((i)) be the completion of U along its identity section. We can identify 
R{d) = W{k)[[ti, . . . ,td]] in such a way that the ideal (ti,...,^^) defines the identity 
section of U. Let ^R(^d) be the Frobenius lift of R{d) that is compatible with a and takes 
ti to tf for z e {1, . . . , d}. Let d^jit^d) be the differential map of ^R(d)- Let 

^univ 

e UiRid)) 

be the universal element defined by the natural morphism Spec{R{d)) — > U of M^(/^;)- 
schemes. 

The existence of D allows us to apply [14, Thm. 10]: from loc. cit. we get the 
existence of a unique connection Vy : My (g)iy(fc) R{d) — > My<Siw(k) ®f=iR{d)dti such that 
we have an identity 

(13) Vy O Uunivi'^y ® $it(d)) = (Wumv($j/ ® $i?(d)) ® rf$Ji(d)) O 

of maps from My ®w{k) -R(c?) to My ®vK(fc) (Bf^iR{d)dti; the connection Vy is integrable 
and topologically nilpotent. Let Vtriv be the fiat connection on My ®w(k) Rid) that 
annihilates My ® 1. Due to Formula (13), the connections Vtriv — 'S-univ'^^univ and Vy are 
congruent modulo (ti, . . . , tdY ■ From this and the very definition of Wuniv we get: 

6.3.1. Fact. The Kodair a- Spencer map of Vy is injective and its image is a direct 
summand 3y o/Hom(F^, My/F^) ®w{k) R{d). 

6.4. A deformation. Wc recall that the categories of 2-divisible groups over 
Spf {R{d)/ 2 R{d)) and respectively over Spec{R{d)/2R{d)), are canonically isomorphic 
(cf. [11, Lemma 2.4.4]). From this and [14, Thm. 10] we get the existence of 
a 2-divisible group Dfi(^d)/2R{d) over R{d)/2R{d) whose F-crystal over R{d)/2R{d) is 
(My ^w{k) R{d) ) ^univ 

®^it(d)),Vy). We have 

(14) Wumv($s/ ® $fl(d)) ob^bo Uuniv($s/ ® $H(d)) V6 G 23°^^. 
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As the connection is uniquely determined by Uunwi^y ® ^R{d)) cind due to Formula 
(14), the connection Vy is invariant under the natural action of the group of invertible 
elements of B°^^ on My <Siw(k) R{d). But each element of is a sum of two invertible 
elements of B"^^. Thus as the ring R{d) /2R{d) has a finite 2-basis, from the fully faith- 
fulness part of [5, Thm. 4.1.1 or 4.2.1] we get first that the 2-divisible group Dfi(^d)/2R(d) 
is uniquely determined (by its F-crystal over R{d)/2R{d)) and second that each b G 
is the crystalline realization of a unique endomorphism b of Dji(^^y2R{d)- Thus we have 
a natural Z(2)-nionomorphism B ^ End(i)ij(d)/2i?(d))- A similar argument shows that 
there exists a unique principal quasi-polarization ^Dii(^a)/2R(d) ^R{d)/2R{d) such that 
'^^^Dii(a)/2R(d)^ '^^ defined by the alternating form Amj, on My®w{k) R{d). As \Ae{Gw{k)) 
is the direct summand of Lie(GSp(My, Am^)) that annihilates Im(B°PP End(Mj^)) and 
as Vy annihilates Im(B°PP End(My) ®w{k) R{d)), we get that 

Vtriv 

e Lie(GvK(fe)) ®w{k) ®i=iR{d)dti C End(My) ®w{k) ®i=iR{d)dti. 

This implies that the direct summand CJ^ of Hom(F^, My/F^) ®w{k) R{d) introduced in 
Fact 6.3.1, is Lie(t/) ®w{k) Rid)- Let 

Cy := {My®w{k) R{d),F^ ®w{k) i?((i),Wuniv($j/®$i?(d)),Vy,AM,,i3°PP). 
From Serre-Tate deformation theory we get the existence of a unique triple 

over R{d)/2R{d) that lifts {A,Xa,B) and whose principally quasi-polarized 2-divisible 
group over R{d)/2R{d) endowed with endomorphisms is (£>^(rf)/2K(d) , A^^^^^^^^^^^ , B). 

To iA'r}i,Mn,r>t^\,\A' ) and its symplectic similitude structures that lift those of 

V R{d)/2H(d)^ ^R(d)/2R{d)' ^ 

(^, A^), corresponds a morphism 

'mR(^d)/2R{d) ■ Spec{R{d)/2R{d)) Mk 

of A;-schemes. 

6.5. Specializing to y. Let R — W{k)[[t]] be as in Subsection 2.1. Let 

nR/2R ■■ Spec{R/2R) Uk 

be an arbitrary morphism of /c-schemes that lifts the point y G N'w{k){k) = Afk{k). Let 
'^R/2R '■ Spec{R/2R) — > A4k be the composite of n]i/2R with the morphism A4 ^Ak■ 
Let ki be an algebraic closure of k{{t)). Let the morphism j/i : Spec(A;i) — > Nw{k^) be 
defined naturally by n^i^R- We recall from Subsection 2.1 that XJm = ^[W]/(^'")) where 
m e N. Let 

rtu^ : Spec{Um) Nk and mu^ : '&Y>ec{Um) Mk 
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be the composites of the closed embedding Spec{Um) Spec(-R/2i?) with nji/2R and 
mji/2R (respectively). Let (Mjj, Vmr; Amh) be the principally quasi-polarized 
F-crystal over R/2R of the pull back {Aji/2r, X^^^^^) through mR/2R of the univer- 
sal principally polarized abelian scheme over M.k', thus (Mr^Xmh) ^ symplectic 
space over R of rank dimQ(T4^), etc. We have a natural Z2-monomorphism ^ 
End(Mij, $Mfl , Vmr)- Let /C be the field of fractions of R. Let F^/2R ^e the Hodge 
filtration of Mr/2Mr defined by Ar/2r (i.e., the kernel of the reduction of $Mh modulo 
2R). Let G'j^ be the Zariski closure in GLmh of the identity component of the subgroup 
of GSp{MR,XMn)jc that fixes the /C-subalgebra ,B°pp ®Z(2) IC of End{MR (S)r K). Let 
Mr = Nfi be the decomposition in i?- modules that corresponds naturally to (4). Let 
be the perfect bilinear form on Nr that corresponds natiually to by of Subsubsection 
3.5.3. By applying Theorem 5.1 to yi, we get that Bn^ modulo 2R is alternating. Thus 
the formula qNnix) := '''^r^'^^ defines a quadratic form on Nr. We can redefine as 
GSO{NR,qN^) and therefore G'j^ is a reductive, closed subgroup scheme of GLmr, cf. 
Proposition 3.4 (b). 

Let Pk{{t)) be the parabolic subgroup of ^'^((4)) that is the normalizer of Fj^/2R®R./2R 
k{{t)) in G"^((i)), cf. Corollary 6.1.1 applied to yi. The i?-scheme of parabolic subgroup 
schemes of G'j^ is projective, cf. [12, Vol. Ill, Exp. XXVI, Cor. 3.5]. Therefore the 
Zariski closure -P^/2i? fc((t)) ^'r/2R ^ parabolic subgroup scheme of G'j^^2r ^bat 
normalizes F^/2R ^bat (cf. Corollary 6.1.1 applied to j/i) has the same relative 

dimension as i\. Thus we have a monomorphism ^ Pk over k which by reasons of 
dimensions is an isomorphism over fc, to be viewed as an identification. The special fibre 
p,y of jjy factors through = -P^. Prom [12, Vol. II, Exp. IX, Thms. 3.6 and 7.1] we 
get that jly lifts to a cocharacter Hr/2r '■ GmR/2R ~^ F"j^/2R which at its turn lifts to a 
cocharacter /ir : GmR — ^ G'j^. Let Mr = © F^ be the direct sum decomposition 
defined naturally by //_r. Prom constructions we get that 

= Fk/2R and F^' ^Rk = ^0/2^°. 



6.6. Theorem. For m eN let %n := ?i^^((^. A, B)_\f,^). There exists a morphism Ur 
Spec{Um) Spec{R{d)/2R{d)) of k-schemes such that u*^{A'j^^^y2j:^(^^-^, Xa'^^^^^^^^^^, B) 
is isomorphic to %n, under an isomorphism that lifts the identity automorphism of 
{A,Xa,B). 

Proof: Let 

(MRim), F}l(m), $M«(m), VM«(m), AM«(m), G'^(m)) 

be the reduction of {Mr, F^^^Mr-,"^ Mr-, Xmr-iG'r) modulo the ideal (t"^) of R. This 
Theorem is a geometric variant of a slight modification of [14, Thm. 10 and Rm. iii)]. 
PoUowing loc. cit., we show by induction on m G N that the morphism Um exists and 
that there exists a W^(/c)-homomorphism h{m) : R{d) R/{t^) which has the following 
two properties: 
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(i) it maps (ti, . . . ^td) to and modulo 2W{k) it defines the morphism Um; 

(ii) the extension of via h{m) is isomorphic to (Mij(m), F^{m), $Mj{(to), Vmh(™); 
Amh(w), under an isomorphism y{m) that modulo is Im,,- 

The case m — 1 follows from constructions. The passage from m to m + 1 goes as 
follows. We endow the ideal := of R/{t"'+^) with the natural divided 

power structure; thus Jm = 0. The ideal (2, J^) of R/{f^'^^) has a natural divided 
power structure that extends the one of Jm- Let h{m + 1) : R{d) R/it"^^^) be a 
l^(A;)-homomorphism that lifts h{m). Let Um+i '■ Spec{Um+i) Spcc{R{d) /2R{d)) be 
defined by h{m + 1) modulo 2W{k). We apply the crystalline Dieudonne functor D in 
the context: 

- of the principally quasi-polarized 2-divisible groups endowed with endomorphisms 

- of the thickenings attached naturally to the closed embeddings Spec{Um) ^ 
Spec(i?/(t"^+i)) and Spec(t/^+i) ^ Spec(i?/(t""+i)). 

We get that the extension of Cy through h{m + 1) is isomorphic to the sextuple 
(Mfl(m + 1), F^(m + 1), $Mh(to + 1), VM«(m + 1), Am«(to + 1), i3°PP) under an isomor- 
phism to be denoted by y{m + 1). As ^R(d){tii ■ ■ ■■,td) Q (^i, ■ ■ ■ ■, tdYi the isomorphism 
y{m) is uniquely determined by the property (ii). Thus y{rn-\-l) lifts y{m) and therefore 
F}^{m -|- 1) is a direct summand of MR(m + 1) that lifts F^{m). 

We check that under 3^(m + 1), the reductive subgroup scheme Gw(k) >^w{k) R{d) of 
GliMy^^rf^^-^Rld) pulls back to the reductive subgroup scheme G'j^{m+1) of GLiM^im+i)- It 
suffices to check that under the isomorphism y{m + 1)[^], the reductive subgroup scheme 
Gw{k) ^w{k) Rid)[^] of GL^^^^^^^^(-^)[ 1] pulls back to the reductive subgroup scheme 
G'^(m + l)[i] of GLM^(^+i)[i]. But this holds as Gw{k) Xw{k) Rid)[^] (resp. as G"^ x^^ 
R[^]) is the identity component of the subgroup scheme of GSp(My ®vK(fe) '^My) 
(resp. of GSp(Mij[i], Xmr)) that fixes all elements of B°^^. For m e {m,m+ 1} we will 
identify naturally IJ Xw{k) R/if^) with a closed subgroup scheme of G'j^{m) and thus we 
will view U{R/{t^)) as a subgroup of G'ji{R/{t^)) = G'ji(m){R/{t^)). 

Let HR^rn+i '■ GmR/{t"'+^) G'j^{m + 1) be the reduction of the cocharacter hr 
modulo {t'^'^^). Let /ly^rn+i '• GmR/{f^+^) G'j^{m+ 1) be the cocharacter obtained nat- 
urally from jJ-yji^d) h{m+l) and y{m-\-l). As over W{k) the two cocharacters fiR^m+i 
and iJ.y^rn+1 of G'j^{m + 1) coincide, there exists an element hz G Kei{G'j^{R/ {t'^'^^)) — > 
G'j^{R/{t))) such that we have an identity 

(cf. [12, Vol. II, Exp. IX, Thm. 3.6]). As F^(m + 1) lifts F}({m), wc can write = hih2, 
where hi E Ker{U{R/{t'^+^)) U{R/{t'^))) and where /i2 G Ker(G^(i?/(t"^+i)) ^ 
G"^(i?/(t))) normalizes F^'(m+1). We have /ii(F^'(m+l)) = hz{F}l{m+l)) = F^(m+1). 
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As hi e Ker{U{R/{t'^+^)) U{R/{t'^))) and (see Subsection 6.4) as we have an 
identity Ofy = ljie{U)®w{k)R{d) ^ ^om.{F^,My/F^)®y^(^i.-^R{d), we can replace /i(m + l) 
by another lift h(m + 1) of h{m) such that its corresponding hi element is the identity. 
Let Um+i '■ Spec{Um+i) Spec{R{d) /2R{d)) be defined by h{m + 1) modulo 2W{k). 

Thus we have F^'(m+1) == F^(m+1). The fact that <+i(A'^(^)/2^(^), Ayi^^^^^^^^^^ , B) 

is T(m + 1) follows from the deformation theories of Subsubsection 1.2.3 applied in 
the context of the nilpotent thickening attached naturally to the closed embedding 
Spec{Um) ^ Spec{Um+i)- This ends the induction. □ 

From Theorem 6.6 we get directly that for each m e N, the point TO[/^ G A^fe(t^m) 
is mjj(d)/2i?(d) °Um e Mk{Um)- This implies that: 

6.6.1. Corollary. The morphism mji/2R ■ Spec{R/2R) — > A4k factors through 
'mR(d)/2R(d) ■ Spec{R{d)/2R{d)) ^ Mk- 

6.7. End of the proof of 1.4 (b). Let Oy (resp. Oy^^) be the completion of the local 
ring of the /c-valued point of A^fcred '■— A4(v)red >^k(v) k (resp. of M.k) defined by y. The 
scheme Oy is reduced (as the excellent scheme A4red/-f^o is so). Thus the normalization 
Oy of Oy is well defined. The complete, excellent fc-algebra Oy has dimension d. 

Due to Fact 6.3.1, the fc-homomorphism fhy : Oy^^ R{d)/2R{d) defined nat- 
urally by rn,ji(^d)/2R{d) is onto. From Corollary 6.6.1 applied to morphisms nR/2R '■ 
Spec{R/2R) Mk of /c-schemes that factor through Spec((!)y), we get that the nat- 
ural finite fc-homomorphism O^^^ Oy factors through ifiy giving birth to a finite 
Oj^s-homomorphism qy : R{d)/2R{d) O^. Thus we have a commutative diagram 

Of^ ^ Oy 

fhy iy 

R{d)/2R{d) ^ O^, 

where Ey is the natural A;-epimorphism and iy is the natural inclusion. By reasons of 
dimensions, the A;-homomorphism qy is injective. Therefore we have Ker(my) = Ker(ey). 
Thus (jy and iy are both /c-isomorphisms. This implies that A/^red is regular and formally 
smooth over k at the /c- valued point defined by y and that the morphism mR{d)/2R{d) • 
Spec(-R((i)/2i?((i)) — > M.k of /c-schemes factors through a formally etale morphism 

nR{d)/2R{d) ■ Spec{R{d)/2R{d)) A4red 

of A;-schemes. This implies that the A;(i;)-scheme J\fk{v)red is regular and formally smooth. 
Thus Theorem 1.4 (b) holds. 

6.8. Corollary. The reduced k{v)-scheme of M^^-^ is regular and formally smooth. 

Proof: Both morphisms njj(rf)/2i?(d) • Spec(i?((i)/2i?(d)) ^ Afered and?i7^/2_R '■ Spec{R/2R) — 
Nk of /c-schemes (we introduced in Subsections 6.7 and respectively 6.5) factor through 
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the reduced scheme of N^. Thus as in Subsection 6.7 we argue that the reduced k{v)- 
scheme of A/"^^) is regular and formally smooth. □ 

7. Proof of 1.4 (c) 

The following Proposition is a particular case of [34, Cor. 3.8]. 

7.1. Proposition. The ordinary locus of J\f^^'^\J\f^^'j is empty (i.e., if the abelian variety 
A is ordinary, then the point y : Spec(A;) — > Afw{k) does not factor through N'^y^ \-^k{v))- 

7.2. Proposition. The formally smooth locus Af^ is an open subschema of with the 
properties that M^^q — J^e{g x) ~ Sh(G, X)/ H2 and that its special fibre Mlf^^^ is an 
open closed subscheme ofAf^^y 

Proof: Based on Subsection 4.1.1, we only have to show that A/^l^^) is a closed subscheme of 
•^k{v)- check this, we can assume that ^>^^y^ is non-empty. The connected components 
of jVl and are irreducible (cf. Corollary 6.8 for jV^). Let Af^^^^ and Af^^^^ be 
open subschemes of A/^^^^ and Af^f^j^-^ (respectively) whose special fibres have non-empty 
connected components permuted transitively by Hq and such that we have a quasi-finite 
monomorphism Af^^j^-^/Ho ^ Af^^j^-^/Ho between integral -schemes. The special 

fibres Aff /Ho and A/^^/Hq of X^^f.-^/Ho and X^^f.-^/Ho (respectively) are irreducible 
and generically smooth. Let Spec(i?o) be an affine, open subscheme of Af^^j^-^/HQ such 
that i?o 7^ 2i?o; it is a normal, integral, excellent, flat Vr(/c)-algebra such that (i?o/2i?o)red 
is a smooth, integral fc-algebra (cf. Corollary 6.8) and Rq/2Rq is a generically smooth 
/c-algebra. Thus from Hironaka Lemma (see [20, Ch. Ill, Lemma 9.12]) applied naturally 
in mixed characteristic (0, 2) to Rq and to 2 G -Rq, we get that Rq/2Rq is an integral and 
thus a smooth /c-algebra. This implies that A/'^^-^-j is a formally smooth VF(A;) -scheme 

and therefore we can choose A/"^/^-) to be Af^^^j^y Thus A/L^-. is a closed subscheme of 

^ki.y ° 

7.3. Proposition. The ordinary locus of Nk is Zariski dense in Afk- 

Proof: Let y G Afw{k){k). We will use the notations of Subsection 6.2. Let {My,(f)yjVy) 
be the Dieudonne module of A[2]; thus {My,(f)y) — (My,$y) ®vi/(fc) k. We consider the 
inverse ly : L'^^) ®Z(2) W{k)^My of the dual of the isomorphism jy of Subsection 5.2. We 
view naturally Gza as a closed subgroup scheme of GLi^* Za- As Gza is split, there 

(2) (2) 

exists a cocharacter /i^f : G^Za ~^ such that the cocharacter 

lyfJ'etW{k)^y ^ • ^mW(k) ~^ Gw{k) 

is G^(fe)(VF(/c))-conjugate to the cocharacter Hy : Gmw{k) ~^ ^W(fc) of Proposition 6.1. 

By replacing ly with its left composite with an element of G\Y(^i^^{W{k)), we can 
assume that in fact we have lylJ'etw(k)^y^ — l^y Thus l~^^yly is a u-linear endomorphism 
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ofL*2)(S)Z(2)W^(^) oftheform5'et(lL*2)®^)'"etvi/(fc)(i) for some element ^fet G Gz^2){W{k)). 
As ®Z(2) W{k), ® ^)A*etvK(fc) (i)) is ordinary F-crystal over /c, there exists 

S^j, G (jvK(fc) (^(^)) such that {My, Qy^y) is an ordinary F-crystal over k. Based on this, as 
in the last paragraph of Subsubsection 5.1.4 we argue that there exist elements ii E U{k) 
such that the Dieudonne module {My,u(f)y,Vy{u)~^) is ordinary; the only think we need 
to add is that the roles played by hs Spec(S') — > H and P Xf. Spec{S) in Subsubsection 
5.1.4, are played now by Uk ^ Gk and Pk XkUk (respectively). 

As the reduction modulo 2W{k) of the universal element UunW G U{R{d)) of Sub- 
section 6.3 specializes to u, the truncated Barsotti-Tate group of level 1 of the pull back 
''^R{d)/2R{d)('^-^kr^d) O-^-: of the abelian scheme ^ij(d)/2ii(d) Subsection 6.4) via a 
dominant geometric point of Spec{R{d)/2R{d)), is ordinary. Thus the ordinary locus of 
Afk specializes to the fc-valued point of defined by y. As y is arbitrary, the Proposition 
follows. □ 

7.4. End of the proof of 1.4 (c). From Propositions 7.1 and 7.3 we get that is a 
Zariski dense subscheme of f/J^. From this and the open closed part of Proposition 7.2, 
we get that J\f^ = J\f^. Therefore we have J\f^ = J\f"-, cf. Proposition 7.2. Thus Theorem 
1.4 (c) holds. This ends the proof of the Main Theorem. 
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